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Real Quaternionic Analysis is a multifaceted subject. Created to describe some
phenomena in special relativity, electrodynamics, spin, etc. It has developed into
a body of material that interacts with many branches of mathematics, such as
complex analysis, harmonic analysis, differential geometry, differential equations,
as well as into a ubiquitous factor in the description and elucidation of problems
in mathematical physics. Quaternions have been towards Maxwell’s equations. In
the meantime, real quaternionic analysis has became a well-established branch of
mathematics and greatly successful in many different directions. Quaternions have
been successfully applied to signal processing, most notably pattern recognition.
They can be used for image segmentation, finding structure based not only upon
color, but repeating patterns. Quaternions may also be used to simplify derivations
in computer vision and robotics, to develop computer applications in virtual reality,
and so on.

This book is intended to provide material for an introductory one- or two-
semester undergraduate course on some of the major aspects of real quaternionic
analysis, with exercises. Alternatively, it may be used in a beginning graduate level
course and as a reference. That it is why, rather than general theorems, we supply
concrete examples and exercises which form the basis of this book. The exercises
proposed at the end of each chapter are an essential part of it. The writing herein is
straightforward and it is addressed to readers who have no prior knowledge of this
subject and who have a basic graduate mathematics background: real and complex
analysis, ordinary differential equations, partial differential equations and theory of
distributions.

The detailed reference list proposed at the end is seen as an initial point for the
development of the topics covered in the handbook. From a reader’s point of view,
we chose to present it at the end rather than throughout the text.

Here is a brief description of the topics covered in the first ten chapters.

Chapter |  An introduction to and historical background on the discovery of the

quaternions are provided. The definitions and general properties of quaternions

are examined in detail.

Chapter 2 The notions of quaternion and spatial rotation are mastered. Some

applications of quaternions to plane geometry are mentioned.
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Chapter 3  Studies sequences of quaternion numbers and their properties.
Chapter 4  Reviews the basic properties of quaternion power series and infinite
products.

Chapter 5 The quaternion exponential, logarithmic and power functions are

covered. A brief discussion on the notions of multiple-valued functions and

branches is also presented.

Chapter 6  The quaternion trigonometric functions are defined.

Chapter 7  The quaternion hyperbolic functions are introduced.

Chapter 8 The main focus here is on the study of the inverses of the quaternion

trigonometric and hyperbolic functions, and their properties.

Chapter 9  Matrices with quaternion entries are presented. In spite of the

difficulties caused by the noncommutativity of the multiplication of quaternions,

we still manage to introduce the concepts of determinant, rank, eigenvalues, and
relations of similarity.

Chapter 10 Studies the concepts of monomials, polynomials and binomials

involving quaternion numbers.
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Once we start studying quaternionic analysis we take part in a wonderful experience,
full of insights. This ideology is shown, for instance, when we start describing the
first results and pursuing the subject, while the amazement lingers on through the
elegance and smoothness of the results.

Quaternions were discovered on 16th of October 1843 by the Irish mathematician
Sir William Rowan Hamilton (1805-1865). His original motivation was to create
a type of hypercomplex numbers related to the three-dimensional space in the
same way as the standard complex numbers are related to the plane. In his first
conjecture, complex numbers would need one extra imaginary part, i.e. one real part
and two distinct imaginary parts. For the generalization of the so-called “Theory of
Couplets” to the “Theory of Triplets”, Hamilton had fundamentally in mind the
use of these triplets to represent rotations in the three-dimensional space, just like
complex numbers may be used to represent rotations in the two-dimensional plane.
In his later papers those triplets are termed number vectors. Therefore, it is only
natural that in the attempt to achieve such a construction certain questions have
remained untouched.

It should be noted that even before W.R. Hamilton, a multiplication of 4-vectors
similar to quaternion multiplication, was already known to leading mathematicians
such as Leonhard Euler (1707-1783), Carl Friedrich Gauss (1777-1855) and
Olinde Rodrigues (1795-1851). L. Euler discovered in 1748 the four-square identity
and used “quaternion” parameter representations in order to describe motions in
the Euclidean space. This fact was rediscovered by Wilhelm Blaschke (1885-
1962) in his speech on the occasion of the 250th birthday of L. Euler in Berlin
in 1957. C.F. Gauss thought that it made no sense to tell all recent results to his
contemporaries, because they would not understand the implications. In conse-
quence, his results on quaternions remained unpublished during his life, and were
only made public in 1900. O. Rodrigues described a parametrization of general
rotations through four parameters. He used a special multiplication technique which
constitutes an anticipation of the quaternion multiplication.

After nearly 10 years of unsuccessfully searching for a three-dimensional
extension of complex numbers, W.R. Hamilton found himself on the brink of

J.P. Morais et al., Real Quaternionic Calculus Handbook, 1
DOI 10.1007/978-3-0348-0622-0__1, © Springer Basel 2014



2 1 AnIntroduction to Quaternions

giving up. He spent years trying to solve this problem without any success; even
his children were aware of his frustrating attempts at these numbers. This sequence
of events is documented in one of his letters to his eldest son Archibald Hamilton,
which we now briefly quote:

Letter from Sir W.R. Hamilton to Rev. Archibald H. Hamilton.

Letter dated August 5, 1865.

MY DEAR ARCHIBALD - (1) I had been wishing for an occasion of corresponding a little
with you on QUATERNIONS: and such now presents itself, by your mentioning in your
note of yesterday, received this morning, that you “have been reflecting on several points
connected with them” (the quaternions), “particularly on the Multiplication of Vectors.”
(2) No more important, or indeed fundamental question, in the whole Theory of Quater-
nions, can be proposed than that which thus inquires What is such MULTIPLICATION?
What are its Rules, its Objects, its Results? What Analogies exist between it and other
Operations, which have received the same general Name? And finally, what is (if any) its
Utility? (3) If I may be allowed to speak of myself in connexion with the subject, I might
do so in a way which would bring you in, by referring to an ante-quaternionic time, when
you were a mere child, but had caught from me the conception of a Vector, as represented
by a Triplet: and indeed I happen to be able to put the finger of memory upon the year and
month - October, 1843 - when having recently returned from visits to Cork and Parsonstown,
connected with a meeting of the British Association, the desire to discover the laws of the
multiplication referred to regained with me a certain strength and earnestness, which had
for years been dormant, but was then on the point of being gratified, and was occasionally
talked of with you. Every morning in the early part of the above-cited month, on my coming
down to breakfast, your (then) little brother William Edwin, and yourself, used to ask me,
“Well, Papa, can you multiply triplets”? Whereto I was always obliged to reply, with a sad
shake of the head: “No, I can only add and subtract them.”

But on the 16th day of the same month—which happened to be a Monday, and a
Council day at the Royal Irish Academy—while walking along the Royal Canal
in Dublin with his wife, W.R. Hamilton was struck by inspiration. Instead of the
two imaginary parts as he had first considered, he imagined a three part imaginary
system. In Hamilton’s own words:

Tomorrow will be the fifteenth birthday of the Quaternions. They started into life, or light,
full grown, on the 16th of October, 1843, as I was walking with Lady Hamilton to Dublin,
and came up to Brougham Bridge. That is to say, I then and there felt the galvanic circuit of
thought closed, and the sparks which fell from it were the fundamental equations between
i, J,k,exactly such as I have used them ever since. I pulled out, on the spot, a pocketbook,
which still exists, and made an entry, on which, at the very moment, 1 felt that it might be
worth my while to expend the labour of at least ten (or it might be fifteen) years to come.
But then it is fair to say that this was because I felt a problem to have been at the moment
solved, an intellectual want relieved, which had haunted me for at least fifteen years before.

So struck was W.R. Hamilton with his discovery that he drew his pocketknife and
into a stone of Broome Bridge in Dublin he carved the famous formulae with the
symbols i, j, k:

Thus, the Quaternions were born. What W.R. Hamilton had imagined was a number
with one real component and three distinct imaginary components, all of the
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imaginary components squaring to —1. Unfortunately, the carvings no longer remain
today. Nevertheless, his discovery was so significant that every year on October
16, the Mathematics Department of the National University of Ireland, Maynooth,
holds a Hamilton Walk to Broome Bridge commemorating his discovery. This is the
breakthrough concerning the designation of quaternions—from the Latin quaternio,
meaning “set of four”.

W.R. Hamilton presented quaternion mathematics at a series of lectures at
the Royal Irish Academy. The lectures gave rise to a book, whose full title is:
“Lectures on quaternions: containing a systematic statement of a new mathematical
method, of which the principles were communicated in 1843 to the Royal Irish
academy, and which has since formed the subject of successive courses of lectures,
delivered in 1848 and subsequent years, in the halls of Trinity college, Dublin:
with numerous illustrative diagrams, and with some geometrical and physical
applications”.

Leaving history behind us, the next portion of text intends to introduce the
reader to the modern terminology and basic notations used to describe quaternions.
The standard properties and the arithmetics of quaternions are presented. It will
be shown that quaternions have a simple four-dimensional character, leading to a
straightforward geometric description. When necessary, some important construc-
tions are explained in full detail. And for the reader’s convenience and sake of easy
reference, from now on the main results exploited here are systematically stated and
proved step-by-step. Nevertheless, a rigorous development has to be replaced by a
logical one based upon suitable definitions in order to agree with the given notation.
In doing so, this will allow us to fully concentrate on examples and exercises since
our experience has shown that this methodology is useful for someone who is
introduced to the subject for the first time.

W.R. Hamilton called the new numbers

p=a+bi+c¢+dk (a,b,c,deR)

real quaternions (or more informally, Hamilton numbers). The set of all real
quaternions is often denoted by H, in honour of its discoverer. We note that it is
possible to consider a more general structure, which is of no particular interest
for our objectives; known as the algebra of complex quaternions (or biquaternion
algebra).

1.1 Basic Units

For the remainder of this section, 1, i, j, and k will denote both imaginary basis
units of H and a basis for R*. For the sake of clarity, the Hamiltonian rule

i?=j?=k*=ijk=—1
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may also be written as:
ij=k=—ji, jk=i=—kj, and ki=j = —ik. (1.1)

In particular, the elements i, j, k pairwise anticommute. When convenient, it can be
very useful to use another representation of quaternions, which will be introduced
in the following. Geometrically speaking, a quaternion which is initially given in
the form p = a + bi 4 ¢j + dk can be unequivocally associated to an ordered
quadruple of real numbers (a, b, ¢, d). The starting point for this consideration is
the identification of the basis elements of R*, (1,0, 0,0), (0, 1,0, 0), (0,0, 1,0) and
(0,0,0, 1), with the basis of H, 1, i, j, and k, respectively. As a matter of fact,
throughout the text we will often use the same symbol to represent a point in R* as
well as the corresponding quaternion.

1.2 Scalar and Vector Parts

The notations p = a+ib+jc+kd and p = a+bi+cj+dk are interchangeable. The
real number py := a in p is called the scalar part of p and p := bi + ¢j + dk is the
vector part of p. The scalar and vector parts of a real quaternion p are also often
abbreviated as Sc(p) and Vec(p), respectively. For example, if p = 14i +4j + 3k,
then po = 1 and p = i + 4j + 3k. The real numbers are precisely those with zero
vector part. In addition, if p = p, then p is called a pure imaginary quaternion
or, simply, pure quaternion.' For example, p = j + k is a pure quaternion. If p;
and p, are two quaternions, we generally do not define inequalities like p; < p»
unless p; and p; are real numbers. The words positive and negative are not applied
to quaternions either, and the use of these words implies that we are dealing again
with real numbers.

1.3 Convention

Even though every quaternion p can be uniquely associated to a vector (a, b, c,d)”
in R* (hereby transposition shows that in general vectors should be written
as column vectors), one can often define a vector to mean a pure quaternion.
Ultimately, this convention can be reduced so that a vector is an element of the
vector space R3. In other courses you have undoubtedly seen that the numbers in an
ordered triple of real numbers can be interpreted as the components of a vector in R?.
Thus, a (pure) quaternion p can also be viewed as a three-dimensional position
vector, that is, a vector whose initial point is the origin and whose terminal point is
(b, c,d). Even nowadays, Hamilton’s notation i, j, and k for the basis elements in
R? is often used in engineering lectures. Thus a vector in the sense of Hamilton is
representable in the form p := bi + ¢j + dk.

'Hamilton called pure imaginary quaternions right quaternions and real numbers scalar
quaternions.
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Because of the previous correspondence between a pure quaternion p = bi +
¢j + dk and one and only one point (b, ¢, d) in R3, we shall from now on use the
terms pure quaternion and point in R? interchangeably.

1.4  Equality

Two quaternions p = aj; + byi + ¢1j + dik and ¢ = ay + byi + ¢2j + dok are
equal, p = ¢, when the individual coordinates are equal: a; = a3, by = by, ¢c1 = ¢;
and di = d,. In terms of the scalar and vector parts, the last statement means that

p=qif po =qoand p = q.

1.5  Arithmetic Operations

Quaternions can be added, subtracted and multiplied. If p = a; + b1i +¢1j + dik,
q = ay + byi + ¢3j + dok and A is a real number, these operations are defined as
follows:
(i) Addition

p+q:= (a1 +ax) + (by + br)i + (c1 + ¢2)j + (d + dr)k;
(ii) Subtraction

p—q:= (a1 —az) + (b —b)i + (c; —2)j + (dy — da)k;
(iii)) Real multiplication

Ap = (har) + (Aby)i + (her)j + (ks
(iv) Quaternion multiplication

pq = (ayay — biby — cicy — dydy) + (ai1by + bias + c1dr — dicy)i

+ (a1ca = bidy + c1ay + dib)j + (a1dy + bica — c1by + diar)k.
There are several ways to assemble Rule (iv). For the considerations to follow
we use the (left-)distributivity of multiplication over addition; then the quaternion
multiplication of p and g becomes

pq = (a1 +bii +c1j +dik)(az + bai + c2j + dak)
= ajay + a\byi + aicaj + aydok + biazi + bybyi* + bycyij + bidyik
+ c1aaj + e1brji 4 c1c2j? + erdajk + diazk + dyboki + dicokj
+ ddak>.

Notice that we must be careful simplifying this last step because although
multiplication is commutative for real numbers, this is no longer true for imaginary
elements. Using then the basic properties of quaternions and identities (1.1), we can
rewrite the multiplication again:

pq = aaz + arbyi + 611C2j + ardok + brasi — b1by + bicark —bldzj
+ c1ayj — c1bok — cicy + c1dayi + diask + dibyj — dycyi — dids.
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Regrouping the terms according to the imaginary units, we finally get Rule (iv).
A detailed verification of the remaining rules is left to the reader.

If we take the expressions above as the definitions of addition and multiplication,
it is a simple matter to verify that the familiar associativity, and distributivity laws
of multiplication over addition hold for quaternions:

(v) Commutativity law of addition
p+q=q+p forall p,g € H;
(vi) Associativity law of addition
pt+@+r)=(p+q)+r foral p,q,r eH;
(vii) Distributivity law of multiplication over addition
plg+r)=pg+pr and (g+r)p=gp+rp forall p.q,r € H;
(viii) Associativity law of multiplication
(pq)r = p(gr) forall p,q,r € H.

Exercise 1.1. Prove the previous properties.

All that is needed to understand the definitions of addition, subtraction, and
multiplication is:
(i) To add (subtract) two quaternions, simply add (subtract) the corresponding
scalar and vector parts, or simply use the usual sum (subtraction) of two vectors
in R*:
(i) To multiply two real quaternions, use the distributivity law of multiplication
over addition or use the following scheme:

1 i j k
1 1 i j k
i i —1 k —J
j j —k —1 i
k k j —i —1

The previous presentation is called Cayley table, and it was developed by Arthur
Cayley, an English mathematician (1821-1895). Also, the following diagram is
often very useful:

v N

i — j

Although addition is commutative, the same does not hold for multiplication: for
example, ij = k, while ji = —k. Therefore, in general, pq is not equal to gp.

Example. If p =3+4+i — j andg = j — 2k, compute (a) p + ¢q; (b)3p —q;
(©)rg;  (d)qgp.
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Solution. (a) By adding scalar and vector parts, the sum of the two quaternions p
and g is

PHqa=0C+0)+(1+0)i+(—1+1)j+(0—2)k=3+i—2k
(b) In the same way, we have
3p—q=094+0+@B+0i+(-3—-1)j+O0+2)k=9+3i —4j + 2k.
(c) and (d) Using Cayley’s table, direct computations show that
pq = 3j — 6k + ij — 2ik — j* 4+ 2jk = 1 + 2i +5j — 5k
and

gp=1-2i + j—T7k # pq.

Exercise 1.2. Let p,q and r be arbitrary elements in H. Prove that
Sc(pgr) = Sc(qrp) = Sc(rpg).

Exercise 1.3. Ifp =14+ Ai — j + kandq =i —Aj — 1k (A € R\ {0}), find A
such that pq and pqp are pure quaternions.

Solution. A = :l:“/Ti.

The definition of division deserves further elaboration, and so we will discuss
this point in more detail shortly.

1.6  Special Quaternions

It is clear that the quaternion 0 4+ 0i 4 0j + Ok =: O is the neutral element of
addition, known as additive identity quaternion, and the quaternion 1 4+ 0i 4+ 0j +
0k =: 1y is the multiplicative identity quaternion. They are such that any quaternion
added or multiplied by them remains unchanged. If we take a previous expression
as the definition of addition, it is a simple matter to verify that the inverse element
of p with respect to addition is —p. The inverse with respect to multiplication will
be further detailed below. In summary, the real quaternions form a noncommutative
division algebra, the skew field® of the real quaternions H. The quaternions remain
the simplest algebra after the real and complex numbers. Indeed, the real numbers,
the complex numbers, and the quaternions are the only associative division algebras,

2A skew field is an algebraic structure that satisfies all the properties of a field except for
commutativity.
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as was proved by Georg Frobenius (1849-1917); and amongst these the quaternions
are the most general. Since any complex number a + bi can be written as a + bi 4
0j + Ok, we see that the set of complex numbers can be regarded as a subset of H.
We could also have chosen j or k to play the role of the imaginary uniti = vas)
in classical complex analysis.

The assumption §j = ji is incompatible with the request that H is a skew
symmetric field. Even though it may not be so common, it is possible to consider
such a structure, which is of independent interest and is known as the commutative
ring of bicomplex numbers.

1.7 Decomposition of Quaternions

Quaternions can be conveniently decomposed in two ways: p = a + ib + ¢j + idj
orp =py+p-= %(p + ipj) + %(p — ipj). In this connection, for the second
decomposition it holds that

(1+k) (1£k)
2 2

pi=(aj:d+i(b:Fc)) (aid+j(c:Fb)).

(See the list of exercises on pages 33 and 34 for some applications and further
properties using this decomposition.)

Exercise 1.4. Let p = —1+4+i +7j —3k andq = —i — j + 2k. Find p4, g+, p—
and q_.

Solution. py = —2—3i +3j —2k, g+ = 1 +k, p_ = 1+4i +4j —k, and
g-=—-1—i—j +k.

Exercise 1.5. Find p = a + bi + ¢j + dk € H such that p; = Op.
Solution. p = a + bi + bj — ak (a,b € R).

Exercise 1.6. Find p = a + bi + ¢j + dk € H such that p_ = Op.
Solution. p = a + bi —bj + ak (a,b € R).

Exercise 1.7. Let p € H. Prove that p+ = p— if and only if p = Op.

Exercise 1.8. Let p = a + bi + ¢j + dk € H. Compute py p_.

Solution. %[az —d?+ (ab+ cd—ac—bd)i + (ab+ ac +bd + cd) j + (b> — cz)k].
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1.8 Roots

In the sequel, let ¢ be a real quaternion and n € N. As a brief preview of the material
in Chap. 5, a quaternion p is called (an) n-th root of ¢ if p” = ¢q. The noncommuta-
tivity of multiplication has some unexpected consequences, for instance, polynomial
equations over the quaternions can have more distinct solutions than the degree of
the polynomial. For example, the equation p? + 1 = O has an infinite number of
pure quaternion solutions p = bi + ¢j + dk with b? + ¢ + d? = 1. To see this, let
p = a + bi + ¢j + dk be a quaternion, and assume that its square is — 1. In terms
of a, b, c, and d, this leads to the following equations: a> — b> — ¢?> — d? = —1,
2ab = 0, 2ac = 0, and 2ad = 0. To satisfy the last three equations, either a = 0
or b, ¢, and d are all 0. The latter is impossible because «a is a real number and the
first equation would imply that > = —1; therefore @ = 0 and b + ¢> + d? = 1.
As the above discussion shows, a quaternion squares to —1yy if and only if it is a
vector in R? with norm 1. Therefore, these solutions form a two-dimensional sphere
centered at zero in the three-dimensional subspace of pure imaginary quaternions.
This sphere intersects the complex plane at the two poles i and —i, respectively.®

1.9  Quaternion Conjugation

The quaternion p := py — p = a — bi — ¢j — dk associated with the quaternion
p = a + bi + ¢j + dk, defined by reversing the sign of the vector part of p, is
called the conjugate quaternion of p. For example, if p = 1 — 2i + 3j + k, then
P =142i-3j—k;if p=—1—j+k,thenp = —1+ j —k. Notice that replacing
i by —i, j by —j, and k by —k sends a vector in R3 to its additive inverse, so the
additive inverse of a vector in R? is the same as its conjugate as a pure quaternion.
For this reason, conjugation is sometimes called the spatial inverse. The quaternion
conjugation can also be useful to extract the scalar and vector parts of p. In this
sense, the scalar part of p is (p + p)/2, and the vector part of p is (p — p)/2. For
all p,q € Hand A € R, the mapping p > p has the following properties:

i) ptgq=p=£q; (i) p=p;
(iii) Ap = Ap; (iv) pg = 4 p;
V) peR& p=7p; (vi) p is a pure quaternion < p = —p.

The definitions of addition and multiplication show that the sum and the product
of areal quaternion p = a + bi + ¢j + dk with its conjugate p are real numbers: p +
P = (a+bi+cj+dk)+(a—bi—cj—dk) = 2a,and pp = (a+bi+cj+dk)(a—bi—
cj—dk) = a®>+b>+c*+d?. The difference of a real quaternion p with its conjugate
P is apure quaternion: p—p = (a+bi+cj+dk)—(a—bi—cj—dk) = 2bi+2cj+2dk.
Properties (i) and (iv) can be extended to three or more quaternions. For example

3For all real angles @ and ¢, it is easy to check that p = cos 6 cos ¢i + cos 0 sin ¢j + sin 6k is a
square root of —1y. This gives the set of all the points on the unit sphere in R and shows that the
set of “quaternionic square roots of minus one” has infinitely many square roots.
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PEpEEp, = Pr+ P2+ Py Similady, Fipzps = 75 P2 P
or, in general pips -+ Pu—1Pn = Pn DPn—1'-* P2 P1- In summary, the conjugate
of a sum (difference) of quaternions is the sum (difference) of the conjugates of
the summands. The conjugate of a product of quaternions is the product of the
conjugates of each factor in the reverse order.

Exercise 1.9. Solve the following equations for p = a+bi+cj+dk: (a) p> = —j;
0P’ =i—k; ©p—3;p—k=0u (D3pp—ik=0s ©((P-D)p=
1+i+j+k.

Solution. () p = £2 F L) ®p=FH £ 2072 (o) p = 1k
(d) No solutions;  (e) No solutions.

1.10 Quaternion Modulus and Quaternion Inverse

Associated with every quaternion is a nonnegative real number, which we now
define. The modulus or absolute value* of a real quaternion p = a + bi + ¢j + dk
is denoted by | p| and is identical to the notion of Euclidean length in R*, so that it
is clearly the distance from the origin to the point (a, b, ¢, d). More precisely, we
define the modulus of p by the expression |p| := /a2 + b2 + c2 +d2.If |p| = 1,
the quaternion is called a unit quaternion. Using conjugation and the modulus makes
it possible to define the multiplicative inverse of a quaternion p in such a way that
the product of a quaternion with its inverse (in either order) is ly. In symbols,

for p # Oy there exists one and only one nonzero quaternion p~! such that
1

pp~' = p~!'p = 1y. The inverse of a unit quaternion is its conjugate. In particular,
the following properties hold: B

i) pp="pp=Ipl: (i) p~' = Lz, p # O
(i) |pql = Ipllql; ) [Pl =1—=rpl=Ipl

™ (pg)~' =q7'p™"s pq # Ou.

Statement (ii) shows that the quaternions are indeed a skew field, that means, every
nonzero element has a multiplicative inverse. Statement (iii) shows that the product
pq is a quaternion and so a vector in R*. The equality |pg| = |p||q| hints that
the length of the quaternion pq is exactly the product of the lengths of the individual
quaternions p and g. For simplicity we only prove Statements (ii) and (v). A detailed
verification of the remaining properties is left to the reader. We can easily verify
Statement (ii) by performing the multiplication

“Hamilton called this quantity the tensor of p, but nowadays this concept conflicts with modern
usage.
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S
lpl>  Ipl?

Similarly, p~'p = ‘Z—Ipz = % = 1g. Therefore, we have (pg)(pq)~' = 1y and,
1

analogously, (pq)~'(pq) = 1g. For Statement (v) one has p~!pq(pq)~" = p~'.
Hence ¢ 'q(pq)~" = ¢~ 'p~!. Thatis, (pg)~' = ¢~ 'p~".

Exercise 1.10. Let p be a real quaternion. Show that: (a) |p| = | — pl;
(b) |pl = Ipl.

Exercise 1.11. Let p be a real quaternion. Prove that p* — 2pop + |p|? = Op.

Exercise 1.12. What can be said about a real quaternion p if p> = (p)*>? Making
use of this fact, under what circumstances does p* = (p~")? hold?

Exercise 1.13. Let p and q be two real quaternions. Show that
@ |p+ql+1lp—ql =2(pP+1qP):

®) |p +ql*> = [pI* +2Sc(pq) + IqI*;

© (pl +lgh* = [p* + 2Ipg| + lqI™

Exercise 1.14. Given a unit quaternion q and a pure quaternion p, define T,(p) =
1

qpq .
(a) Prove that T,(p) is another pure quaternion;

(b) Show that |T,(p)| = |pl;

(c) Let A € R and let p, q be real quaternions. Prove that T, is linear: Ty(Ap +

q) = AT,(p) + Ty(q).

Exercise 1.15. Given a pure quaternion p, prove that p*" = (—1)"|p|*" for all
n € N. Making use of this fact prove that

n

o P P
Z—' = cos|p| + — sin|p]|.
—n! |p]

Exercise 1.16. Let a,b € R such that a®> — 4b < 0. Use the previous exercise to
show that for every given pure quaternion p we have p*' —ap" + b > 0 when n is
even, and p** — ap" + b < 0 when n is odd.

1.11 Quaternion Quotient
With regard to the concept of quaternion inverse discussed above and due to the

noncommutativity of multiplication, we assume familiarity with the fact that the
quotient of two quaternions p and ¢ may be interpreted in two different ways.
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That is, their quotient can be either pg~! or ¢~ p. In this sense, the notation £

is ambiguous because it does not specify whether g divides on the left or the right.
Namely, pg~' = #, and g7 'p = ﬁ For conciseness the first is called right
quotient and the second left quotient. It is significant to note that when p and ¢ are
pure quaternions then the right and left quotients, pg~' and ¢~' p, are quaternion
conjugates. Take for example p =i + j and ¢ = k. The right and left quotients of
p and q are, respectively, pg~' = —i + j and ¢! p = i — j. We further note that

pgt=i—j=q""p.

Exercise 1.17. Compute the right and left quotients, pg~" and ¢~ ' p, of (a) p =
j=3kg=1+i; ®p=i+j+kqg=5(j+09%).

Solution. (@)pq~' =2j —k.q7'p=~(j +2k); ®)pg ' =F i+ g5+
11 - 44 55. 99 . 11
ﬁk’q 1p=H+Hl_§]_ﬁk

1.12 Triangle Inequalities

Although the concept of order in the real number system does not carry over to the
quaternion number system, since |p| is a real number we can compare the moduli
of two real quaternions. For example, if p = 1 —2i andg = i — j + k, then
|p| = /5 and |¢| = +/3 and, consequently, |p| > |¢|. We record now some useful
inequalities. Let p and g be quaternions, then for the modulus we have

() —|p| = po < |p| and —|p| < |p| < |pl, thatis|po| < |p|and |p| < |p[;
() |p £4| =|pl+l4l; (i) [[pl = lgll = |p £ 4|

For simplicity we only sketch the proof of ||p| —|¢|| < |p + ¢|- A detailed
verification of the remaining inequalities is left to the reader. From the identity
p = p +4q + (—q), Statement (i) gives |p| < |p + q| + | — ¢|. Since |¢| = [ —q|,
solving the last inequality for |p + ¢| yields the relation |p + ¢q| > |p| — |q|.
Now because p + g = g + p, the last inequality can be rewritten as |p + ¢q| =
lg + pl > |g9l —|p| = —(p| — |q]), and so combined with the last relation implies
|p +4q| = |lp| — |¢||- The triangle inequality: |p + ¢| < | p| + |¢| indicates that the
length of the quaternion p + ¢ cannot exceed the sum of the lengths of the individual
quaternions p and ¢q. In addition, we note that this inequality extends to any finite
sum of quaternions, so that |py + p2 + -+ + pu| < |p1l + |p2| + -+ + | pul-

Example. Consider two quaternions p and ¢. Under what circumstances does |p +
ql = |p| + |¢| hold?

Solution. Let p = po+ p1i + p2j + psk and g = qo+q1i +q2j +g3k. Itis readily
verified that |p + g| = |p| + |q| is equivalent to | p + ¢|> = |p|*> + |q|> + 2|pllq|.
The last equality is only possible if p; = Aq; (I = 0, 1,2, 3) for some A > 0. Hence
p=Aig (A >0).
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Exercise 1.18. Let p = a + bi + ¢j + dk such that |p| = 2. Find q € R such that

1 1
m‘ =53
Solution. q € [—4,4].

Exercise 1.19. Let p be a real quaternion. Find a lower bound for the modulus of
pP—p+11if|pl <1

Exercise 1.20. Consider two quaternions p and q of absolute value < 1. Show that
lp —ql <|1="pql.

By the early 1880s, Josiah Willard Gibbs (1839-1903) introduced the dot product
and cross product of vectors. Gibbs recognized that a pure quaternion could be
interpreted as a vector, which allowed him to build the basis of a vectorial system.
Historically, vector analysis developed by Gibbs and his collaborators is seen as the
origin of practical applications of physics and engineering, which were missing in
the more complicated quaternion language.

1.13 Quaternion Dot Product

The dot product of two real quaternions p and ¢ is a real number, defined as the sum
of the quantity of each element of p multiplied by each element of ¢, that is

P-4 := podo+P-q.

Take for example p = 1+i+ j +k and ¢ = 1—2i 4+ 3j +5k. A simple calculation
shows that p- g = 1 —2 + 3 4+ 5 = 7. The quaternion dot product is also referred
to as the Euclidean inner product for vectors in R*, as it returns a scalar quantity.
If p-q = 0, then p and g are orthogonal to each other. This product can be used to
extract any component from a given quaternion. For instance, the i component can
be extracted from p = a + bi + ¢j + dk by taking p - i = b. Also, it holds that

p-q = Sc(pg) = Sc(gp)
| r _
=5 (Pa+4qp) = (pqg+4p).
Exercise 1.21. Let p, g and r be arbitrary quaternions. Prove that the quaternion
dot product is both left and right distributive, i.e. p-(q +r) = p-q+ p-r and
(p+4q)-r=p-r+q-r. s the quaternion dot product commutative ? Justify your

answer.

Exercise 1.22. Let p be a quaternion element. Prove that |p|*> = p3 + p - p.
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Exercise 1.23. Let p and q be two quaternions. Prove that p - q = —Sc(pq) =
—3(pq + qp).

Exercise 1.24. Let p, g and r be quaternions. Prove that Sc(pqr) = p - (qr).

Exercise 1.25. Let p and q be two quaternions. Prove the polarization identity
p-a=5(p+al>—Ip—qP).

Exercise 1.26. Let p and q be two quaternions. Prove the well-known Schwarz
inequality |p - q| < |pllq|.

Exercise 1.27. Let p € H. Compute py - p—.
Solution. 0.

In the case of a quaternion consisting only of a vector part, W.R. Hamilton
defined close analogues of the modern cross, outer and even products.

1.14 Quaternion Cross Product

In the sequel, consider two pure quaternions p = pii + p»j + psk and q =
q1i + q2j + gqzk. The quaternion cross product is also known as the odd product.
It is equivalent to the vector cross product, and returns a vector quantity only:

P X q := Vec(pq).

The definition of the cross product can also be represented by the determinant of a
formal 3 x 3 matrix:

ik
det| p1 p2 p3 | = (293 — q2p3)i + (q1p3 — P193) ]

q1 42 43
+ (p192 — q1 p2)k.

The reader might know that this determinant can be computed using Sarrus’ rule or
cofactor expansion. It has the following properties:
(i) Anticommutativity
P X q = —q x p for pure quaternions p, q;
(ii) Distributivity law of the cross product over addition
p x (q+r) = (p x q) + (p x r) for pure quaternions p, q, r;
(i) Multiplication by scalars
(Ap) x @ = p x (Aq) = A(p x q) for pure quaternions p,q and A € R;
(iv) Jacobi identity
pPx(gxr)+qx(rxp)+rx(pxq) = 0y for pure quaternions p, q, r.
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Example. Findp x q, wherep=3i + j —kandq=1i —j — k.

Solution. The cross product of p and q is

i j ok
pxq=det|3 1-1
1-1-1

Exercise 1.28. Compute: (a) 2i x (i + j); (b)) (G + j) x (@ — j);
@@+ xi)xj; (@G +j)xEx)).

Solution. (a)2k; (b) =2k; (0)i; (d)i—j.

Exercise 1.29. Prove that the standard basis vectors i, j, and k satisfy the
following equalities: (a)i X j = k; (b)jxk=1i; ()kxi=]j.

Exercise 1.30. Let p and q be pure quaternions. Prove that p x q = % (pq — qp).

Exercise 1.31. Let p and q be pure quaternions. Prove that p X q = %(pq —pPq).

Exercise 1.32. Let p and q be pure quaternions. Show thatpq = —p-q + p X q.

Exercise 1.33. Let p and q be pure quaternions. Show that pq = q X p.

Exercise 1.34. Let p = a + bi + ¢j + dk € H. Find conditions for the parameters
a, b, ¢, d so that py are pure quaternions. For those values of a, b, ¢, d, compute

P+ X P—.
Solution. p4 are both pure quaternions if and only ifa = d = 0. Hence p+ Xp— =
(b*=c?) k

5 —k.

According to the above discussion, a more precise result holds true:

rq = (po +pP)(q0 +q)

= pogo — (P1q1 + 292 + p3q3) + (pog1 + qop1 + P2qs — p3q2)i

+ (Pog2 + qop2 + p3q1 — p143)Jj + (Poqs + qops + p1g2 — p2q1)k
= (poqo —P - Q) + polqii + q2j + q3k) + qo(pri + p2j + p3k)

+ (P2q3 — p3q2)i + (p3q1 — p1g93)j + (P1g2 — p2q1)k

= (pogo —P- Q) + poq + Pgo + P X q. (1.2)
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This evidences that the noncommutativity of multiplication comes from the
multiplication of pure quaternions. In order to tie these matters up, we notice that
two quaternions commute if and only if their vector parts are coplanar or collinear.
In particular,

p>=(p5—p-P) + 2pop.

since p X p = Op.

1.15 Mixed Product
For three pure quaternions p, q, and r,

(p.q.r):=p-(gxr)

is called their mixed product. The mixed product has the following properties:
(i) It defines a trilinear vector form, i.e. it is R-homogeneous and distributive in
each component. For example,

(p.sqi +tqa. 1) = s(p.q;. 1) +1(p.q.¥), 5.1 €R;

(i) It does not change if its factors are circularly permuted, but changes sign if
they are switched, so that

(pv q, I') = (qs r, p) = (I', P, q) = _(qv P, I') = _(ps r, q) = —(I', q, P)»

(iii)) The absolute value of the mixed product represents the oriented volume of the
parallelepiped spanned by the three pure quaternions that meet in the same
vertex. It follows that

(p.q.r) = |pllq|[r|sin Z(p, q) cos Z(p X q,T).

Therefore, the mixed product vanishes if and only if the three pure quaternions
are collinear;
(iv) The determinant representation holds:

P1 D2 p3
(p.q.r) =det| g1 q2 g3
ryry T3

= pi(q2r3 — q3r2) + pa(gari — qir3) + p3(qir: — qar1).

For simplicity, we only prove Property (iv). The verification of the remaining
properties is left to the reader. By definition, we have that
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(p.q,r) = (r,p,q) =(pxq)-r

- [(PZ P3)i +det(p3 pl)j +det(p1 pz)k} S (rii 412 + 13k)
92 493 93 q1 q1 92

=r1det(pzp3)+r2det(p3 pl)+r3det(p1 pz).
92 93 q3 41 q1 92

Exercise 1.35. Letp =i+ j, q =2i +2j, andr = k. Find (p,q,r).

Solution. 0.

1.16 Development Formula
Let p, q and r be three pure quaternions. Then
pPx(gxr)=(p-r)q—(p-Qr. (1.3)
Using the equality
2(p-r)g=(p-r)q+q(p-r)
for each term from the definition of the scalar and vector products, we have
4[(p-r)q— (p- Qr] = (pr + rp)q + q(pr + rp) — (pq + qp)r

— r(pq +qp)

= p(rq —gr) + (qr —rq)p

=4p x (q X ).

As an immediate consequence, we find:

1.17 Sum Identity for the Double Vector Product
Let p, q and r be three pure quaternions. Then it holds that
Px(gxr)+qx(rxp)+rx(pxq =0

Indeed, if we apply the development formula successively to each of the three
products, we get
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PX(Qxr)+qx(xp)+rx(pxq) =q(p-r)—r(p-q +r(q-p)
—p(q-r)+p(r-q —q(r-p)

= Og.
These results make it plain that it is also useful to formulate a vector form of the
well-known Lagrange identity.
1.18 Lagrange Identity

Let p, q, r and s be four pure quaternions. For the scalar product of two vector
products we have

_ p:-rp-s
(pxq)-(rxs)—det(q'rq‘s).

To see this, we note that
(Pxq-(rxs) =[(pxq) xr]-s=[q(p-r)—p(q-r)]-s
=(q-s)(-1)—(p-s)(q-r).
Example. Prove that
(pxq) x(rxs)=q(p-(rxs)—p(q-(rxs) =qp.r.s) —p(g,r,s)
holds for any pure quaternions p, q, r and s.
Solution. Indeed, using (1.3), we have
(pxq) x(rxs)=—(rxs)x(pxq)
= —[(rx9)-9p-(rxs)-pa
=q(p-(rxs) —p(q-(rxs))
= q(p.r.s) —p(q.1,5).
Example. Let p, q and r be pure quaternions. Prove the double factor rule
(pxq) x(gxr) =q(p.q.r).

Solution. Here we use again (1.3). A direct computation shows that
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Pxq@x(@xr)=(pPxq-r)g—((pxq-qr
=q((pxq-r)
=q(r-(pxq)
=q(r.p.q).

1.19 Quaternion Outer and Even Products
The quaternion outer product of p and ¢ is defined by
(P,q) := poq — qop — P X q.

The even product of quaternions is not widely used either, but it is mentioned here
due to its similarity with the classical odd product; it is given by

[p.4] := pogo — Pq + Poq + qop.
This is the purely symmetric product. Therefore, it is commutative.
Example. Find (p,q) and [p,q], where p =1—i —j —kandgq = j + k.
Solution. Direct calculations show that
PO=j+k+G+j+)x(G+k)=j+k—j+k=2k
pgl=—(—i—-j—-k)(J+k)+j+k=-2+2k
Exercise 1.36. Letp =1—i —kandq = j + k. Find (p,q) and [p, q].

Solution. (p,q) =—i —j +k,[p,.ql=14+i+ ] —k.

1.20 Equivalent Quaternions

The real quaternions p; and p, are said to be equivalent, denoted by p; ~ p», if
there exists an 4 € H \ {Og} such that hp; = p,h.

Example. Check whetheri ~ ;.

Solution. We want to find a quaternion 7 = a; + bji + ¢;j + dik such that
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(a1 + bii +c1j +dik)i = jlay + byi + 1] + dik),
which is equivalent to
by +ayi +dij —ctk =—cy+dyi +ayj —bik.
It follows that a; = dy and b; = ¢y. If a1, b; € R\ {0}, we have thati ~ ;.
Exercise 1.37. Check whether (a)i ~ k, (b) j ~ k.

Solution. (a) h = ay + byi —ayj + b1k, witha;, by € R\ {0}; (b)h = a; +
aiji +c1j + cik, withag,c; € R\ {0}.

Exercise 1.38. Check whether 1 +i — j +k ~i + j.
Solution. These quaternions are not equivalent.

Exercise 1.39. Let p; = a1 +bii+c1j +dik and py = ar +byi +caj + drk with
ai,bi,ci,d; € R (i =1,2). Determine a;,b;,c; andd; (i = 1,2) so that p1 ~ ps.

Solution. py ~ py if

ap —ap bz—bl C) — (1 dz—dl
bl—bz ay —dajp dz—dl —C] — (2

det =0
cr—cy —di—dy a1 —ay by+b

di—dry ci+cy —bi—by a1 —ay
Exercise 1.40. Let p1 = a; + byi + ¢1j + dik, where ay, by, c1,d; € R\ {0}.
Prove that ay + ,/blz + C12 + dlzi ~ 1.
Hint. Use the previous exercise.

Example. Let p; and p, be real quaternions. Prove that p; ~ p; if and only if
Sc(p1) = Sc(p2) and |pi| = [pa.

Solution. We first prove the necessity part. Let p; ~ p». Then there exists a nonnull
quaternion & such that ip; = p,h. It follows that |hp| = | p2h|, thatis, |h||p1| =
|p2|h| = |h||p2|- Since h # Oy then |h| # 0. Hence |pi| = |p2|. Also, p1 =
h~' pyh. One can verify directly that

Sc(p1) = Sc((h™" p2)h) = Sc(h(h™" p2)) = Sc(pa).

For the sufficiency part, we assume that there are quaternions p; and p, such that
|pil = |p2| and Sc(p1) = Sc(pa). Let p1 = a1 + bii + ¢1j + dik and py =
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ai + byi +caj + drk, witha;, b;,c;,d; € R\{0} (i =1,2). Thenb12+c12 +d12 =
b3 + ¢3 + d}. From the previous exercise we have

a1+\/b12+612+d12i~p1,
ar+ b3+ ci+dii =ar+ bl +cf+dii ~ ps.

Therefore, p; ~ p».

Example. Let p; and p, be real quaternions, and n a natural number. Prove that
(P p2p1)" ~ 5.

Solution. We will use mathematical induction to show that (pl_l p2p)t =
pl_l D5 p1 holds for every natural n. For n = 1, the relation is obvious. When
n = 2 we have

_ 2 _ _
(P1 lPzpl) =D lPzpll?l lPzpl =D lP%Pl-
Now we suppose that (p;! p2p1)" = py! p4 p1 holds, and prove that

—1 _n+1

n+1
) =P Py D1

(p7 P21
Straightforward computations show that

—1 n+l1

n+l -1 no_1 —1_n -1
)" = (pr'p2p1)” pU p2p1 = pUPAPIPT P2pr = PP DL

(pi' P2p1
Consequently, ( pl_l D2 pl)n = pl—l D5 p1 for every natural n.

The above definitions centered most use of quaternions around the vector part,
while neglecting the scalar part. Some of the neat mathematical characteristics of
quaternions are indeed their algebraic properties (like division, which is missing
for modern vectors). In fact, the properties of the multiplication and division of
quaternions and the law of the moduli enable one to treat quaternions as numbers, in
the same way as complex numbers. This makes it possible to do interesting research,
e.g. to derive closed form solutions for algebraic systems involving unknown
rotational parameters. This contributed to the development of the modern theory
of vectors.

We proceed by recalling the notion of polar coordinate system from calculus,
firstly invented in 1637 by René Descartes (1596-1650), and taken up several
decades after by Sir Isaac Newton (1642-1726) and Daniel Bernoulli (1700-
1782), among others. The polar coordinate system consists of a two-dimensional
coordinate system in which each point P on a plane whose rectangular coordinates
are (x, y) is determined by the distance from a fixed point and the angle made with a
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fixed direction. The fixed point O (analogous to the origin of a Cartesian system) is
called the pole, and the horizontal half-line emanating from the pole with the fixed
direction is the polar axis. If r is a directed distance from the pole to P, known as
radial coordinate or radius, and the polar angle 6 (also known as angular coordinate
or azimuth) is the angle of rotation measured from the polar axis to the line OP, then
the point P can be described by the ordered pair (r, #), called the polar coordinates
of P.

1.21 Polar Form of a Quaternion

Let p be a real quaternion such that p # (0,0, 0). The quaternion p can also be
associated with an angle 6 via

cosf = P and sinf = M
|p |pl

This superimposed argument is in some sense correct since, obviously,
—1<cosf <1, —1<sin@<1, and cos’6 +sin’6 = 1.

Every nonzero quaternion p can be written in polar form’

p= |p|<c039+£sin9). (1.4)
Ip|

We say that (1.4) is the polar representation of the quaternion p. In a polar
coordinate system the angle @ is viewed as the angle between the vector p in R* and
the real axis (the subspace of real numbers), and % sin 0 as the projection of p onto

the subspace R? of pure quaternions. Furthermore, the angle 6 is always measured
in radians, and is positive when measured counterclockwise and negative when
measured clockwise. As usual, radians can conveniently express angle measures
in terms of . For example, an angle of 7 radians is equal to an angle of 90° and an
angle of x radians is equal to an angle of 180°.

For any p € H with p # (0, 0, 0), we clearly have the equality

P P p P Ipl
p=ipl (s B) =gl (224 B,
Il Il lpl Iplpl
This can be easily seen by observing that p2 + |p|> = |p|, since there is a unique
angle 6 such that

3Tt is also known as trigonometric representation of the quaternion p.
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|p|(cos€ + ﬂsm@)

Example. Find the trigonometric representationof p = 1 —i 4+ 2j + k.

Solution. Tt follows that § = arccos(1/+/7) = arcsin(,/6/7). In this way we obtain
the representation

. RS —i+2j+k
p—ﬁ(ﬁ+ NG 7).

Exercise 1.41. Find the trigonometric representation of the quaternions: (a) p =
l+i+j+k Op=j+k @©@p=i+k @p=1+i+k;
©p=1—-i—j.

Solution. (a) 2(% + i*g’“;); (b) ﬁ(o i %1); © ﬁ(o + %1);

@ V3(L+ 2 2) ©va(L -2,

Exercise 1.42. Let p = i + j + k and q = j — k. Using the trigonometric
representation compute: (a) p*>;  (b)pg; (c) p —q.

Solution. (a) =3; (b)—-2i+j +k; (c)i+ 2k.

Exercise 1.43. Using the polar form of a quaternion p, evaluate p" +p" and p" —
p" forn e N.

Solution. p" + p" = 2|p|" cos(nf) and p" — p" 2|p|” sm(n@) for some
angle 6.

1.22 Quaternion Sign and Quaternion Argument

The quaternion sign produces the unit quaternion, sgn(p) = Ffl‘ The angle 6 is
called the quaternion argument or amplitude of the quaternion p and is denoted
by 6 := arg(p). An argument can be assigned to any nonzero real quaternion p.
However, for p = Oy, arg(p) cannot be defined in any way that is meaningful.
Also, an argument of a real quaternion p is not unique, since cos and sin 6 are
2m-periodic functions. That means if 6 is an argument of p, then necessarily the
angles 6y &+ 2w n for any integer n are also arguments of p, and we can sometimes
think of arg(p) as {6 = 2mn : n € N}. In practice, when p # Oy we use tan 6 = I}%
to find 6, where the quadrant in which pg and |p| lie must always be specified or be
clearly understood.
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1.23 Quaternion Argument of a Product

The polar form of a quaternion is especially convenient when multiplying two pure
quaternions with proportional vector parts. If we consider a unit pure quaternion
p (i.e. such that |p| = 1), then it is undoubtedly clear that p> = —1y, as has
already been discussed. Therefore, the product of two unit pure quaternions with
proportional vector parts p = |p|(cos€ + psinf) and ¢ = |g|(cos¢p + psing)
yields the following de Moivre’s type formula for pure quaternions:

pq = |pllql (cos(6 + @) + psin(6 + ¢)).

From this it is evident that the argument of pgq is given by arg(p + q) = arg(p) +
arg(q).

1.24 Principal Argument

Although the symbol arg(p) actually represents a set of values, the argument 6 of
a quaternion that lies in the interval 0 < 6 < 7 is called (by analogy with the
complex case) the principal value of arg(p) or the principal argument of p. The
principal argument of p is unique and is denoted by the symbol Arg(p), that is,
Arg(p) € [0, 7]. In general, arg(p) and Arg(p) are related by arg(p) = Arg(p) +
2xn,n = 0,+£1,%2,.... Forexample, arg(i + j +k) = 5 +27n, n € Z. For the
choices n = 0 and n = 1, it follows that arg(i + j + k) = Arg(i + j +k) = 5
and arg(i + j + k) = 57”, respectively.

1.25 de Moivre’s Formula

Let p be a quaternion such that p # (0,0,0), and 6 is real. Then, for n =
0,%1,+£2,... we have

(cos 0 + sgn(p) sin 9)n = cos(nf) + sgn(p) sin(n6). (1.5)

Contrary to the complex case, here we must replace the imaginary unit i
by an element of the two-dimensional unit sphere. But we nevertheless have
sgn®(p) = —1y. For positive n the proof then proceeds by mathematical induction

(cos 0 + sgn(p) sin 9)n+1
= (cos(n@) + sgn(p) sin(n 9)) (cos 6 + sgn(p) sin 9)

= cos((n + 1)9) + sgn(p) sin((n + 1)9).
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The case n = 0 gives 1y on both sides of (1.5), and for negative n we have the
relation

(cos 0 + sgn(p) sin 9)—;1 = (cos 6 + sgn(p) sin H)n

cos(nf) — sgn(p) sin(nh)
= cos(—n6) + sgn(p) sin(—nb).

Exercise 1.44. Find all quaternions p such that: (a) p*> = Og; (b) p* = lg.
Solution. (a) p =0g; (b) p = 1.

Exercise 1.45. Find all quaternions p such that: (a) p" + p" = lyg forn € N;
(b) p" —p" = lgforn € N.

Solution. (a) all quaternions p; (b) no solutions.

1.26 Failure for Noninteger Powers

de Moivre’s formula does not hold in general for noninteger powers. As a brief
preview of the material in Chap. 5, we shall notice that noninteger powers of a real
quaternion may have many different values. To see this, let us assume that

p = |pl| (0059 + £sin9) eH
Ipl
so that p # (0,0, 0). Then

Yp = W (cos —(9 —|—k27m) + sgn(p) sin —(9 +k27m)) ,

forn = 0,...,k—1. Asn takes on the successive integer valuesn = 0,1,2, ..., k—
1 we obtain k distinct kth roots of p; these roots have the same modulus {/|p|,
but different arguments. Consider, for instance, the quaternion p = 2i —2j + k.

It follows that | p| = 3, sgn(p) = 2i_23j+k ,and 6 = 7. This yields

JP= ﬁ(cos (/2 er 2an) Qi 23/' +h) (/2 er 27tn)) ’

forn =0,1.

Exercise 1.46. Compute the indicated powers of the quaternion p = —2 4+ i —
. 1 1
3 +sk:@ps ®pT; ©p's (@pPr (@) pforneN
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3(i—1j+5k)

Solution. p = ﬁ[cos(arccos( ﬁ)) + = sin(arccos(—J%))].

In the preceding part of text we have seen that quaternions are indeed related
to both real and complex numbers. Just as complex numbers can be represented as
matrices, so can quaternions. One of the effective approaches in studying matrices
of quaternions is to convert a given real quaternion into a 2 X 2 complex matrix,
and the other is to use a 4 x 4 real matrix. In the terminology and methodology
of abstract algebra, these are injective homomorphisms from H to the matrix rings
M3 (C) and My4(R), respectively. The first group is important for describing spin
in quantum mechanics, which is intimately related with the widely known Pauli
matrices.® Although they visualize quaternions well (see the matrix representation
below), the latter representation is not particularly useful because 4 x 4 matrices
require often much more operations than 2 x 2 matrices.

1.27 First Matrix Representation of Quaternions
A real quaternion p can be represented using 2 x 2 complex matrices as

p=a+bit+ci+dk < M,C)=aoco+boy+cor+doz

a+bi c+di
= 1.6
(—c+dia—bi) (1.6)

where oy is the 2 x 2 identity matrix and the o; with [ = 1,2, 3, are the Hermitian
Pauli spin matrices,

o (1OY o (fO0Y (01 . _(0i
o) 7" No-i) P \—10) T o)

A straightforward computation shows that

2 2 2
1

0] = 05 = 03 = —0o,

0102 = 03 = —0201, 0203 = 01 = —0302, 030] = 02 = —0103.

The representation (1.6) has the following properties:
(i) Complex numbers (¢ = d = 0) correspond to diagonal matrices;
(i1)) The absolute value of p is the square root of the determinant of the correspond-
ing matrix M ,(C);

%These matrices are used in physics to describe the angular momentum of elementary particles
such as electrons.
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(iii) The conjugate quaternion p corresponds to the conjugate transpose of the
corresponding matrix M ,(C);
(iv) If p is a unit quaternion, then det(M ,(C)) = 1 and M ,(C) is a unitary matrix

(i.e. M, (CQM,(C) = o).

Example. Let p =2 — j + k andq = —1 + 2i 4+ j — k. Find pq using the first
matrix representation.

Solution. The first matrix representationsof p = 2—j +k andg = —14+2i+j —k
are, respectively,

2 —14i

M, (©) = (1+i 2

) and /\/lq((C)::(_1+2i 1_i).

—1—i —1-2i

The first matrix representation of the product of p and g is then given by

2 —l4i\(~14+2i 1-i
M,,((C)Mq(C)=(1+l~ ) )(_1_,- —1—2i)

o 4 5—i
T\-5—i —4i )

Exercise 1.47. Let p = 24i +4j + 4k and q = ijk. Compute p*(1 —q?) using the
first matrix representation.

Thatis, pg = 4i +5j — k.

Solution. Op.

Exercise 1.48. Represent the following quaternions by the first matrix represen-
tation: @) p = —i +j +k; ® p =5 +k; () p =1+1i-3k;
@p=i(—j+k)(11-=3k).

) —i 1+ 5i i 1+i —3i
lution. G ; ‘
Solution. (a) (_1 Li i ), (b) ( ; —Si)’ (©) ( 31— i)’

-3+3i -11-11:
(d) . B
11-11i —-3-3i
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1.28 Second Matrix Representation of Quaternions

A real quaternion p can be represented using 4 x 4 real matrices as

a b ¢ d
. . . (1) . —b a —d c
p=a+tbitc¢g+dk < M(R):= e d a —b 1.7
—d—c b a

The representation (1.7) has the following properties:
@) ./\/1(1? (R) = 14, where I, denotes the identity matrix of order 4;
(i) Complex numbers (¢ = d = 0) are block diagonal matrices with two 2 x 2
blocks;

(iii)) The fourth power of the absolute value of p is the determinant of the
corresponding matrix J\/l(pl) R);

(iv) The conjugate quaternion p corresponds to the transpose of the corresponding
matrix J\/lg,l) (R);

(v) If pis a unit quaternion, then det(./\/l(pl) (R)) =1land MS)(R) is an orthogonal
matrix (ie. MY R)MP®R)T = 1).

The verification of these statements is not difficult and is left to the reader.

In particular, the matrix J\/l(pl) (R) enjoys the properties:

Vi) My ®) My (®) = My ®R)M} R) = |p| I;

(vii) MYy, (R) = My (®) M (R).

Exercise 1.49. Show that the matrix associated with a pure quaternion p is anti-
symmetric, and it satisfies the following property: ./\/l(pl)(R)T = —./\/l(pl)(R).

Exercise 1.50. Let(a)p=1+i+j; b p=1—-i—k; (@©)p=2+j+k;
dp=1—i—j—k; (e)p=j+ k. Findthe quaternions that correspond to
the following matrices:

iA>+ jA+ (1 —i—j); and iB*+jB+ (1—i—j)l4,

where A and B are, respectively, the first and second matrix representations of p.

Solution. (a) —2—2i+k; (b)3=3i+2j+k; (c)=3j+4k; (d)5—4i+2j—k;
() —2i — j.

Exercise 1.51. Let p € H. Find the first and second matrix representations of p+
and p_.

Solution.
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b—c: c—b atd ;
M, ©C) =(,2 t5 15 5
P+ b y atd; atd _b=c; |
2 2 2 2
at+d c¢=b a+d b—c
2 > 2 2
0 bZc atd bZc _d+d
_ 2 2 2 2
MyIR) =1 a2 atd b |-
2 2 2 )
c—b a+d b—c a+d
2 2 2

1
M(l(R) = dz—u c—{z—b u—%l C-iz-b

2 2
a b+c a—d
2

Other matrix representations are possible. In a completely analogous way, we may
also consider another quaternion matrix representation:

a —b d —c
b a —c—d

@ (R) :=
M”() d ¢ a —b
c d b a

This matrix satisfies the following properties:
() My (R)TMG () = M R)M R)T = |l 1
(i) MG (®R) = My (®) M (®):
(i) det(M Y (R)) = [p|*.

Exercise 1.52. Prove the validity of the previous statements.
. ) @) @y
Exercise 1.53. Prove that M;” (R)M " (R)M;”(R) = —1Ls.
For the reader’s convenience, from now on we only deal with the above right
second matrix representation, anz) (R), which for simplicity we call second matrix
representation. The other cases may be treated analogously.

1.29 Advanced Practical Exercises

1. Let p = 3+iand g = 5i + j — 2k. Compute (a) p +¢g; (b) p —q;
(©2p—Tq; (d)3p+4q.
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10.
11.

12.

13.

14.

15.

16.
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Compute and compare the results: (a) i(jk), @k, (b) jk), ik,
© i), (kyj: (d)jki), Ghyis (@ kG, (Ki)js (B kGi), (k).
Letp=1+i—j—k,q=3+2i+j+4k,andr =2+i+j + k.
Compute (a) pg;  (b) pr;  (©)gr; (D) pgr; (e) p*; (D q*; (2 pgr’;
(h)2p —pgr*s &) p*+q; G)p+q° +pgr.

Find p = a + bi + ¢j + dk (a,b,c,d € R) such that: (a) p(1 +i — j) = 1m,
I+i—-jp=1g O pi=1g ip=1w (© pj =1 Jjp =1
(d) pk = 1g, kp = lus.

Leta, b, ¢, d be given real numbers for which (a,b,c,d) # (0,0,0,0). Find
p = ay+bii+c1j+dik (a1, by, c1,d; € R), suchthat: (a) (a+bi+cj+dk)p =
Ig; (b) p(a + bi + ¢j + dk) = 1.

Find a solution p = a+bi+cj+dk (a,b,c,d € R), to the following equations:
@2p =1-i+j+3k; O)p’—p=1lw (©p’-p=i; (dp’~p=:
@p-p=k Opl+i)=i+j+k @U+ip=i+j+k
() (1=2i+j+k)p=143i+j+k @) p*=—-lw (p°+ip=1lm
& p*+ip=j; Op*+ip=k.

Letp=2—i+jandqg =1+4+i+ j+k.Compute: (a) p; (b)g; (c)pg;
Dpg; ©7p; (Dap.

Let p = a1 + bii +c1j + dik and g = as + byi + ¢2j + drk. Compute:
@ps; PTG ©7p; AP

Check that@ p_qfor all p,q € H.

Prove that =1 ‘2 , where p € H\{Ogy}.

Find the ﬁrst matrix representation for the following quaternions: (a) p = 1 —
2i43j+4k; bO)p=2—-i+j; (©p=31+1i-2j+k.
Determine quaternions that correspond to the following matrices:

=i 244 24 1 +1i 248
(a)( 2+ 4i 1—|—i) ()( 2 4i ) ()<—2+8l 1—51)'

Determine which of the following matrices correspond to a quaternion:

I14+i1-iY\, 3—i . 14+4i5+7i
(a)(l+i2+i)’ ()( 3+ 2 ) ()( 1—i 6- 81)

2—i
()(— 2—1i 1+2l)

Let p = a+bi+cj+dk, where (a,b,c,d) # (0,0,0,0),a,b,c,d e R.Let A
be the first matrix representation of the quaternion p. Prove that |p| = +/det A.
Find the following products using the first matrix representation: (a) pq, p =
1—i+2j—k, g=-2i+3j+k; ®pqg, p=2—-i—j, gq=1+i+k.
Using the first matrix representation compute 2p — 3g + pq, where p = 1 +
i—j+kandg=2-j.
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17. Write the second matrix representation of the following quaternions: (a) p =

1-2i+1j+k; ®p=i—j+3k
p=i+j+k.

©p=2+4i—-j—k (@

18. Using the second matrix representation find pg, where p = 1 —i + j + k and

g=2—i—j—k.

19. Find the quaternions which correspond to the following matrices:

; (b)

(d)

|
—_
—_
—_
—_

7-19 0
1 70-9 |
-9 0711}’
0 91 0
2 2-1-1
2 21 1|
1-1 2 2}’
—1-1-2 2
1 2
S
EERE
S
3 3

20. Determine which of the following matrices correspond to a quaternion:

10 23
21-14|.
32 11
11 11

(@) (b)

3-2 1-1
2 3-1-1].
-1 1 32
1123

©

—1-1-1-1

(©

_—0 O
—_— = O =

1
1 ol.
2 1]
1 1

(d)

()

0000
2111

1111
—-1020

0123
2210 |,
0321 |
3021

2100
2301
1112
3211

21. Using the second matrix representation compute, p —g (% p+ 2q) , Where p =

2—4i4+4j +4kandg =i —j —k.
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22.

23.

24,

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.
41.

1 AnIntroduction to Quaternions

Compute the dot product p - g, where: (a) p = g =i; (b)) p = ¢q =
©p=qg=ki Dp=i, g=j; @p=i, g=k @p=
gq=1i; @p=j, g=k Wp=k g=i; Op=k qg=
(p=1—-i+j+2k, g=i+3j—%k; Kp=i+j+k, q=2—i—j—k;
OWp=3+i+j, g=j+k

Compute pg — p(p-q +2q) + q - (p —q), where: (@) p = 1 —i — ] —k,
q=2+i+j; bOp=i+j+k, q=3—i—j—k; (@©p=1+i+j+k,
q=2—i—k.

Let p = ay + byi +c¢1j +dik and g = ap + byi + ¢2j + dyk, where
ai,bi,ci,d; € R (i =1,2). Compute p - q.

Let p = ay + byi +c¢1j +dik and g = ap + byi + ¢2j + dyk, where
ai,bi.ci.d; € R (i =1,2).Provethat p-¢q = 1 (pg +qp).

Using the previous problem compute p-gif(a) p=1—i+j, g=i—j—k;
®p=2+i+j+k qg=j—-ki (©p=1—-i+k, qg=i—j—k.
Let p = a + bi + ¢j + dk, where a, b, c,d € R. Prove that 1y - p = py.
Compute the outer product (p,q)if(a) p =1—i, g=j+k; O®)p=
1+i+k, g=1—i—j—k; ©Qp=j+k, gq=i+k.

Compute: (a) p-q—2p+q—pq+q-(p.q); O p—qg+2q-p—q(p+
q)—p-(p,q)ifp=1—i—j—kandg=1+i+j —k.

Let p = ay + byi +c¢1j +dik and g = ap + byi + ¢2j + dyk, where
ai,bi,ci,d; e R (i =1,2).Find (p, q).

Let p = ay + byi +c¢1j +dik and g = ap + byi + ¢2j + dyk, where
ai,bi,c;,d; e R (i =1,2).Prove that (p,q) = %(ﬁq —qp).

Using the previous exercise, compute (p,q)if(a) p =i+ j, g =i+ j +k;
b)yp=-2-2i-3j+k, g=1—i—-k; ()p=-1—i-2k,
g =2-3+4j; (bDp=2—i, q=3+k;, (p=3+i+}],
g=i+k; Op=1-i—-j, g=2-i-ki @p=-i, ¢=];
hp=i, qg=ki Op=j, q=k.

Prove that (p,q) = —(q, p), where p,q € H.

Prove that (p, q) = Vec(pq) = —Vec(q p), where p,q € H.

Compute [p, q], where (a) p = 2—i+j—k, q = 1+i+j+k; (b)p=3+],
q=2+k; ©p=1-2i+2j+k, g=1+i+2j+k; d)p=i,
gq=j; @p=i, q=k; Op=j, q=k.

Compute 2p +q —pqg+q - ([p.q] + p) + (p.g), where p = 1 +i + j —k
andg =2—i—j +k.

Let p = ay + byi +c¢1j +dik and ¢ = ap + byi + ¢2j + dyk, where
ai,bi,ci,d; € R (i =1,2). Compute [p, q].

Prove that [p, q] = % (pg + gp), where p, g are real quaternions.

Using the previous exercise, compute [p, g], where (a) p =i + j, g =i —J;
®p=2+i+j+k g=i; ©p=1—-i—j—k g=i+]+k
Prove that [p, g] = [q, p], where p,q € H.

Compute pxqif(a) p=i+2j—k, gq=—-i+j+k, (Ob)p=23k,
gq=—i—j+k ©p=-3i+j+k g=—i+j—k (@p=i,
gq=j; @p=i, g=k; Op=j, g=k.
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42. Let p = byi +c¢1j + dik and g = byi 4+ ¢j + dok, where b;, ¢;,d; e R (i =
1,2). Compute p X q.

43. Provethat p x g = %(pq — gp), where p,q € H.

44. Using the previous exercise, compute p x g if () p =i +j —k, ¢q =
—i+j+k; ®p=2—-i+j+k, g=i—-k;, ()p=3—i+j+2k,
qg=2-—i+k.

45. Compute (@) p-q —(p.g) + pxq; ®)[p.q]-2pxq+(p.q); (©)p-
p+q)—px(p—q),iftp=1—i+j+kandq=2—-i—k.

46. Compute (@) 2p —r —r-(p +¢q) —plg +r); () p—I[g.9] + (p.r);
(©)pxr+pxqg+qgxr—p-q; (dp—[p.2p—r]+qx(p+r), where
p=i+j,q=1—i—kandr=i+j+k.

47. Find the sign of the following quaternions: (a) p =3+i —j +k; (b)p =
l—i+k;, (@©p=i-—j.

48. Compute (a) pg — p +2q —3sgn(r);  (b) [p,q] —2(p.r) + (p x r)sgn(q);
© |pl(g —r) = (p,@)sgn(p); () p> —gsgn(r); (e) pgr —sgn(p) — 3p;
(f) psgn(g) —3r,where p =i+ j,q=1—kandr =i + j + k.

49. Compute sgn(p), where p = a + bi + ¢j + dk € H.

50. Find the arguments of the following quaternions: (a) p = 1+2i—j; (b) p =
—1l+i+j—k; (p=2—-i+k.

51. Compute (a) arg(q)(p—r)—[g.r]; () (p,q)—arg(r) p-g+sgn(r); (c) p>—
q> —arg(r)(p+q),wherep =2+ j +k,q=1—i—kandr = j +k.

52. Find the trigonometric representations of the following quaternions: (a) p =
l+i+j+k; ®p=i+j ©@p=i+k Dp=j+k
@p=i—j; Op=i-k; @p=j—k

53. Write the first decomposition of the following quaternions: (a) p = 1 +1 +
jt+ks ®p=2-3i—-4j+5k; (c)p=1-2i+3j—4k.

54. Compute pq using the first decomposition, where (a) p = j+k, g = 1—i—k;
(b)p=2+3i—j—k, g=1-i—j—k; () p=i+j+k, q=2-3i+4k.

55. Write the first decomposition for the following quaternions:

1-2 3-4 -1 1-1
2 1-4-3]| 1 o1-1-1]

@f 5 4 15 ®l 1 14|
43 2 1 1111

1—1 —2+4i
(c) . )
2+4i 141

56. Find p4+ andp_,where(a)p=2+%i—%j +k; bO)yp=1+i—j+2k;
©p=1—i+j—2k.
57. Let p = a + bi + ¢j + dk, where a, b, c,d € R. Find p+ and p_.
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58.

59.

60.
61.
62.
63.

64.
65.

66.
67.

68.
69.

70.

71.

1 AnIntroduction to Quaternions

Let p = a + bi + ¢j + dk, where a, b, ¢, d € R. Prove that

1+k

p+:(a+d+i(b—c))T, p_:(a—d—i-i(b—i-c))%.

Let p = a + bi + ¢j + dk, where a, b, ¢, d € R. Prove that

1+k
P+ =

(a—i—d—i—j(c—b)), o= 1_k<a—d+j(b+c)).

Prove that [p|* = [p—|* + [ p+|*.
Let p, g € H. Prove that Sc(p1+q_) = Sc(p—g,) = 0.
Letp=1—i—j—k,andg = j + k. Compute (a) p*> + p3 — p%; () p+
p+—p+p— ©p+peq+p-(i+9q; (Dg+ps-p-; () pl—7=q.
Check the relation Sc (gvg) = 0, where (a)g = 1—i+j+k, v =1+i+j+k;
®g=j, v=10=-2i—j+k;, (@©q=i+j+k, v=1—i—j—k.
Let p, g € H. Prove that Sc (pqp) = 0.

Check the relation |gpg| = |p|, where (a) ¢ = %

b)g=_5— G5k p=2-3+]—k (
p=1—i+3j—k.

Let ¢ be a unit real quaternion, and p € H. Prove that |gpg| = |p|.

Check the relation g (ap + q)¢ = agpq + qqq, where (a) « = 3, g =
l—i+j—k, p=i+j, g=i—j;, bGa=-2 g=i—j+k,
p=1l+4+i-j—k g=i+k @©@a=1 qg=2-%i+,—k
p=1—i+j—k, g=i—j+k.

Leta € R, and p, g € H. Prove that g (ap + q) ¢ = agpq + 999

Let ¢ be a unit real quaternion, p € H and R(p) = gpq. Prove that R(p) is an
orthonormal transformation.

Compute ppp, where (a) p = 1—%[4—%#—%1(; byp=i; ©p=J;
dp=k; (p= 10—%i+%€j—ﬁk; ®p= 1—ﬁi+%@j—%@k.
Let p € H such that |p| = 1. Prove that (a) p> = —lg; (b) p° = —p;

©) (p3 + 1u) p = ppP.



The particularly rich theory of rotations does not need advertising. One can think
of a rotation as a transformation in the plane or in space that describes the position
and orientation of a three-dimensional rigid body around a fixed point. The first ever
study of rotations was published by L. Euler in 1776. Since then the analysis of 3D
rotations has been the object of intensive study in many fields such as, for example,
computer graphics, computer vision, robotics, navigation, molecular dynamics and
orbital mechanics of satellites. As the reader will soon discover, unit quaternions
are very efficient for analyzing situations in which rotations in R3 are involved.
Due to the buildup of computational errors, the quaternion might become of non-
unit length. Nevertheless, this can be fixed by dividing the quaternion by its norm.
In contrast to the Euler angles, unit quaternions are very simple to compose and
avoid the gimbal lock problem (discontinuities). Besides this, compared to rotation
matrices they are numerically much more stable and may be more efficient. For
these reasons, quaternions are commonly used in computer graphics and navigation
systems.

In this chapter we shall briefly discuss the close connection between quaternions
and rotations. This is exactly what this part will try to examine. It does not add
any application to rotation interpolation (for which excellent surveys already exist)
but gives an overview of the problems which thus arise. The underlying quaternion
technique will also allow us to easily compose rotations and to understand their
geometric meaning. The rotations that we will discuss here are rotations about the
origin, a fitting point to the present exposition.

To start with, each unit vector is to be considered as an axis of rotation and the
quaternion that represents a rotation about that axis is to be associated with the
vector. To sidestep this issue we shall understand how to turn a rotation about one
axis into a rotation about another axis. The key point is a similarity transformation,
which we now define:

J.P. Morais et al., Real Quaternionic Calculus Handbook, 35
DOI 10.1007/978-3-0348-0622-0__2, © Springer Basel 2014
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2.1 Rotations

Let p be an arbitrary quaternion. For every quaternion g # Oy, the mapping p,
in H defined by p,(p) = gpq~" is called rotation. We have then the following
properties:
(i) R-linearity

pg(A1p1 + A2p2) = Aipg(p1) + Aapg(p2) forall py, pr € H, A1, A2 € R;
(i) Multiplicativity

pq(P1 P2) = pg(p1) pg(p2) forall pi, pr € H;
(iii) p4 is an isometric automorphism of I;
(iv) pg(p1) - pg(p2) = p1- p2 forall py, pr € Hj
) pl]lpqz(p) = Pq1q2 (p) for all q1.92 € H \ {OH}
For simplicity we only sketch the proofs of Properties (iii)—(v). A detailed verifica-
tion of the remaining statements is left to the reader. Obviously, pq_l :p—qlpg,
and ,oq_l corresponds to the inverse of p,; also, ,oq_l = pg—1. Together with (ii) it
follows that p, is an automorphism. Moreover, since

lpg(P)| = lapg™"1 = lqllpllg™"|

=|pl.

~lallpl| 2
lq
(iii) is proved. For the proof of (iv), a direct computation shows that

Pu(p) - 04(P2) = 5 [P (PP (PD) + Py (PP (P

qp2q”'qprg~ + qplq_lquq‘l]

-1

qpq” ¢ prg + qmq“FEﬁ]

N = N = N= =

i o _ 1
q(p2p1 + p1DP2)q W:|
= P1- P2
The associativity yields the relation

PP (P) = 41(a2095 Dar " = 01420(0192) ™" = pgi0,(P)-

Example. Let p = 1 4 101§ 4+ 203j + 401k, q; = 1 +i + j + k,and ¢, =
%(1 —1i _j _k) Find pqlpqz(p)-

Solution. A direct calculation shows that
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- . . 1
PaiPax(P) = (9142) P(q192) " = 2(1 + 101i + 203j + 401k)> = p.

Exercise 2.54. Let py = —i + j + k, pp = 2i + j, andq = 1+ j. Find
Pq(P1) X pg(p2)-

Solution. —~/2(3i + 2j — k).

Exercise 2.55. Let py = 3i — 5k, p, =i — j, and q = i — 2j. Compute (a)
(pq(Pl)s pq(Pz)); (b) [pq(Pl)s pq(PZ)]~

Solution. (a)5i + j —3k; (b) =3+ 5i + j + 3k.

Exercise 2.56. Prove that the direction of p, if along q, is left unchanged by the
automorphism py(p).

Exercise 2.57. Let p and q be quaternions. Prove that p, does not depend on |q|.
Exercise 2.58. Let p, q1 and q, be quaternions such that q,,q, # Og. Show that
Pq(p) and py,(p) yield the same rotation if and only if q1 = Aq, for some real
number A # 0.

The next example provides an alternative way of computing p, (p).

Example. Let p and g be quaternions such that ¢ # Opy. Prove the following
identity:

0q(P) = po + Vec(p,(p)), 2.1
where
1
Vec(py(p)) = PE [(¢5 —a-@)p +2(P-9)g — 290(p x @)].

1

Solution. First, a straightforward observation is that gpg™"' = gpoq™" + qpg~". It

follows that gpog™" = po, while
. 1
Sc(gpg™) = T [g0(P-q) —q-(qop— (P xq))] =0
and

1
Vec(gpg™') = P [95p — qo(p x @) + (P- @) + qo(q x p) —q X (p X @)].
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For three pure quaternions nj, ny, ns, it holds
n; X (n X n3) = (n; -n3)ny — (N - )3,

whence
1
muo=pm+EFK%—q-®p+2@-®q—2%@Xqﬂ.

Suppose that we restrict ourselves to purely imaginary quaternions p in the
mapping p,. Let us emphasize that p,(p) is again a pure quaternion, so that the
scalar part of p,(p) does not exist. Thus p,(p) is also an automorphism of R3
with the properties described above. Furthermore, p,(p) in R3 is invariant under
the vector product, namely

pu(o1) % pu(P2) = 5 [y B0y B2) ~ py (P2} ()]

l [ -1 -1 _ —1 -1
5 [apia™ apa™ —apoq” apig ]

1

1 _
Eﬂmm—mmm

= pg(P1 X P2).-
In summary, the mapping p, is an automorphism of R3 that leaves the canonical

scalar product invariant. Following the above calculations, it is homomorphic with
respect to the vector product.

Exercise 2.59. Letp; =2i+j +k,pr = j—k,andq = j. Find p;(p1) X py(P2).
Solution. 2i +2j — 2k.
Exercise 2.60. Let p = 1 +2i + 2j — k. Prove that p,(p+) = Op.

Exercise 2.61. Let p = a + bi + ¢j + dk. Under what circumstances does
pp— (P+) = Om hold?

Solution. b =c¢ #0,d = —a # 0.

Before we proceed further, let us give an example:

Example. Let ¢ be a unit quaternion and p a pure quaternion. Prove that -1 remains

. . . la
invariant under the mapping p,.
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Solution. Let ¢ = qo + q with g3 + |q|? = 1. A first straightforward computation

)l g2
(q” q)(‘“ "") al

(45 + lal?)

lq
q

lq|”

2.2 Composition of Rotations

From a computational point of view, the quaternion representation of rotation
simplifies the computation of composite rotations. Consider two rotations p,, and
04, specified by two unit quaternions ¢ and ¢,. The action of the composite rotation
04> © Pg; ON a pure quaternion p, which is obtained by first applying the rotation
induced by ¢; and then applying the rotation induced by ¢, is the same as applying
the single rotation induced by the product g,q;, namely

(qu © pql)(p) = Pq» (pl]l (p))
= g2(qipg; Ny = (q290)p(a7 a5 )
= (¢29)P(@291) " = Pgoqi (P)-

Since g, and ¢, are unit quaternions, it is evident that the product ¢,¢q; is also a
unit quaternion. Accordingly, 04,4, (p) describes a rotation operator whose defining
quaternion is the product of the two quaternions ¢; and ¢,. Thus the axis and
the angle of the composite rotation are given by the product g,q;. Similarly,
the quaternion product g;g, defines an operator p,4,)—1, Which represents the
composition of the operator Pg;! followed by Pg5 1+ The axis and angle of rotation of
P(q142)—" are those represented by the quaternion product ¢;¢,. In addition, we note
that these considerations can be extended to the composition of any finite number
of rotations.

Exercise 2.62. Letqy =i, q» = j andp =i + j. Find (pg, o pg,)(P)-

Solution. i + j.
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Exercise 2.63. Let q1, g2 and q3 be unit quaternions. What rotation is represented
by the quaternion product q1q3q, ? Answer by specifying its rotation angle and axis.

Solution. 1t is a composition of tree rotations, py, © g3 © Pgs-

We make the following geometric observations concerning a quaternion ¢, its
inverse ¢~' and its inverse with respect to addition —q:
(i) The inverse of q, q~', reverses the direction of rotation. Notice, in particular,

that py—1 (pg(p)) = g~ (qpq~")q = p;
(ii) It can be easily seen that p—y(p) = (—q)p(—q)~" = py(p). Therefore the
quaternion —q represents exactly the same rotation as q.

Exercise 2.64. Letq, =1—i —j —k, qo = %(1 +i+4+j+k)andp=101i —
1,031 — 76k. Find pg, (p4,(P)) and pg, 4, (P)-

Solution. pg, (pg,(P)) = P(g,q,)—1(P) = 101i — 1,031 — 76k.

Next we address the issue of computing the matrix representation of a rotation.

2.3  Rotation Matrix Representation

Let p := po + pii + p2j + psk and g := a + bi + ¢j + dk # Oy. After some
calculations, we find that

py(P)gl* = (@ +b* +¢* +d*) po
+ [(@® + B> = —d*)p1 + (—2ad + 2bc)p> + (2ac + 2bd) ps]i
+ [(2ad + 2bc) pi + (a* — b* + > —d*) ps + (—2ab + 2c¢d) p3] j
+ [(=2ac + 2bd) p1 + 2ab + 2¢d) pr + (a> — b> — ¢* + d*) p3] k.
If we identify a quaternion p € H with a column vector in R*, we can write
(@ +b>+c+d*po
1 | (@ +b>—c*—d? p + (2ad + 2bc) py + (2ac + 2bd) ps

1917 | @ad + 2b¢)p1 + (@ = b2 + 2 — d?) py + (=2ab + 2¢d) ps
(=2ac + 2bd)pi + 2ab + 2c¢d) ps + (a®> — b? —c* + d?) ps

pq(p) <

The matrix that acts upon the 4D-column vectors (py p1 p2 p3)’,

M(pg) == (M )i j=1...4,
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is explicitly defined as

|q|2 0 0 0
1 0 a*>+b>—c*—d> 2(bc—ad) 2(ac + bd)
12| 0 2(ad+bc) da®>—b*+c2—d*>  2(cd —ab)
0 2(bd —ac) 2(ab +cd)  a*—b*>—c? +d?

The matrix M(p,) has the following properties:

(i) The dot product of any row with itselfis |¢|* = (a®+b?+c*+d?)?. Similarly
for the dot product of any column with itself;

(i) The dot product of any row with any other row is zero. Similarly for any
column with any other column;

(i) det(M(p,)) > Oforall g # Og;

(iv) If ¢| and g5 are any two quaternions, M (pg, ) M (0q,) = M(py,q,), Where the
multiplication on the left-hand side corresponds to matrix multiplication and
the one on the right to quaternion multiplication.

The verification of these statements is not difficult and is left to the reader. It
can be easily seen that M(p,) is an orthogonal matrix. Hence M(p,) describes
a rotation about the origin in four-dimensional Euclidean space. On noting that
det (/\/l (pq)) is positive we find that M(p,) describes a proper rotation. Besides
preserving length, M(p,) preserves orientation as well.

In particular, from the diagonal elements of M(p,) we get

2
@ = L[ M1 1600) + Maa(op) + Mys(py) + Masio)]
b2 — lq|? [ M
= L1(pg) + Maa(pg) — M3 3(pg) — M4,4(Pq)],
2 |‘I|2
¢ = L [ Muilp) = Maa(p) + Maa(p) = Maa(py) |
s [ m ~ M -
= L [Mii(oy) = Maa(p) = Maa(p) + Maatey) |

Besides these immediate identities there are also the following relevant relations:

_ Ma3(pg) — M3 .4(pg)

ab ,
4
¢ = M2,4(pq) - M4,2(Pq) _ M3,2(pq) - M2,3(Pq)
4 4 ’
be — Ma3(pg) + M3 2(py) bd — Maa(pg) + M4,2(Pq)7

4 ’ 4
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_ M34(pg) + Mas(pg)
; .

cd

Exercise 2.65. Let M(p,) be as in the previous exercise, and letq = 1 —i — j —k.
Find (a) det(M(pq)); (b)) Mis(py);  (c) Masa(pg).

Solution. (a)1; (b)0; (c)O.

1000
0010
0001
0100

Exercise 2.66. Let M(p,;) = . Find q # Op.

Solution. ¢ =1—i —j —k.
Exercise 2.67. Letq =1+ i + j + k. Find M(p,).

1000
0001
0100
0010

Solution.

Suppose that we restrict ourselves to the action of the mapping p, on purely
imaginary quaternions p. As we will see, for any pure quaternion p the action of p,
on p is equivalent to a rotation of p through an angle 8 about the axis of rotation g.
To explore this further, we need to study the properties of the automorphism p, in
R3.

Next we discuss the effect of a rotation through an angle 6 about an axis passing
through the origin.

2.4  Quaternion Representation of Rotations

Let p be a pure quaternion. In case ¢ is a unit quaternion, p,(p) represents a
counterclockwise rotation by the angle 2 arccos(qg) (measured between 0 and 27)
with axis pointing in the direction of q. We set

>0, and P oin?
go:=cos— >0, and q:= — sin—.
2 p| 2

If g = (0,0,0), then ¢ = 41y, which gives rise to the identity rotation (6 is either
0 or 7). Therefore, we may assume that |q| # 0. Any unit quaternion ¢ can be
written as
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—cos€+£sing 2.2)

TR TRy ‘
where the angle of rotation 6 is equal to = when gy = 0, and when gy # 0, choosing
a suitable orientation of the plane orthogonal to the axis of rotation, is given by
tan% = %, with 0 < 6 < m. It is evident that ¢ gives the direction of the axis
of rotation, and 6 can be recovered from the scalar part and the magnitude of the
vector part. The underlying two conditions,

0 d |qf = sin? 0
=cos—, an = sin” —,
90 ) q )
are consistent since, obviously we have |¢|*> = ¢2 + |q|> = 1. We can add any

multiple of 360° to 6 without affecting the rotation. Notice, in particular, that the
effect of a rotation through an angle 6 in the opposite direction can be calculated by
replacing 6 by —0 in the representation (2.2). One can check directly that

Pe(P) = (g0 + @ p(go—q) = q3p + qo(ap — pq) — qpq. (23)

In particular,

p(@) = g3q + lal’q = q.

Now we choose a pure unit quaternion p; perpendicular to q. Hence,

qp1 = —P1q = q X P;.

If we set

P3 P2 = P3P1,

)’

then (p1, p2, P3) is an orthonormal basis of R3 with P1 X P2 = ps3. Relying on (2.3),
direct computations show that

0

6 0
pg(P1) = pi cos’ 5 +2qpicos— —pi sin® 3

= pjcosf + p;sin6.

Similarly, one has

0

0 0
0q(P2) = P2 cos? — + 2qps cos — — p, sin® —
2 2 2

= —p;sin6 + ppcos b
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and

Pq(P3) = Pg(P1) X pq(P2)
= (p1 X p2) cos’ O — (po x py) sin’ O
= Ps3.

It follows that the matrix representing the linear transformation p, relative to the
orthonormal basis (p;, p2, P3) is

cos@ —sinf 0
sinf cos6 0
0 0o 1

The underlying mapping acts as a rotation by an angle 8 counterclockwise with axis
pointing in the direction of q.

Compared to Euler angles and matrices, the quaternion representation of
rotations has the advantage that given a rotation in quaternion notation it is easy to
find the angle and axis of rotation.

Example. Let o and B be real numbers. Consider the two rotations g; = cos 5 +

sin 57 and g = cos g — \/LE sin g( Jj —k). Show that the angle of rotation 6 induced

by the mapping p(,,4,)—1 satisfies the relation
2cosf =cosacos B + cosa + cos B — 1.

Solution. To start with, the quaternion that describes the composite rotation operator
Pqrg=" 18

o ,3+ L« B . 1 ( a+ . oc) . B .
= COS — COS — SINn — COS —1 — ——= { COS — sSin — ) SIin —
142 202 22 2 2 2/

V2

sin g) sin Ek.
2

+ ! (cos i
V2 2 2

Hence the axis of the composite rotation is defined by the vector

o B 1 ( o N oc) ( o 0{) B
sin — cos —, ——— [ cos — + sin sm— — cos——sm sin — |,
2 2 LAV 22 2/)7 2

and, moreover, the angle of rotation 0 satisfies the conditions

0 0
CcoS — :cosgcos E, and sin— = \/1— <l—sin2 E) coszg.
2 2 2 2 2 2
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By direct computation, one can show that

¥

cosacosfB + cosa +cosff— 1
> .

—1=

o
cos 6 = 2 cos® 3 cos

Now let p be an arbitrary quaternion and ¢, g, be two unit quaternions. As the
next example shows, in the case when q; and q, are orthogonal, one can easily
identify the combined rotation (py, © pg,)(p) (about axes q;, qp with respective
angles 6}, 65).

Example. With this insight, we shall now show that if q; and q, are orthogonal
then py,4,(p) is the rotation through an angle 6 with cos % = cos 92‘ cos 2 92 , and

2
parallel to the axis

0 0 0 0 0 0
sin 71 cos ?Zi + cos ?1 sin ?2]. + sin ?1 sin Ezk.

Solution. Without loss of generality, we can assume that q; and q, are parallel to
the coordinate axes x and y, where (x, y, z, t) are the axes of R*. Then

01 4 0. d ) + b, .
=cos— 4+ sin —i an = Cc0oS — + sin —
q1 ) ) q2 = ) ) J-

Hence the product g, ¢, is again a unit quaternion, and is equal to

0 0 0 0 0 0 0 0
cosElcos?2 + singlcos Ezi —i—cosElsin ?21' + sin?lsingzk.

Let’s now consider an example in which we make use of the quaternion
representation of rotations.

Example. Consider the rotation about the axis defined by (0,0, 1,0) through the
angle of % Compute the effect of rotation on the basis vectori = (0, 1,0, 0).

Solution. The quaternion ¢ that defines the rotation is here

T, N2 V2
q= cosz—l—smzj 7—1-7]

We now compute the effect of rotation on the basis vectori = (0, 1,0, 0). We get

2 2 2 2
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Exercise 2.68. Consider the rotation q around the axis p = i + j + k with the
angle of rotation 6 = 7. Find q.

Solution. q = f f(l +j +k).

Exercise 2.69. Let 0 > 0. Prove that any unit quaternion ¢ = cos Q + | I sin Q
such that p = bi + ¢j + dk, corresponds to the rotation py(p) of matrix I3 +
s1n9A+ 1— cos9A where

0 —d ¢
A=1ld 0 —=b
—c b 0

Hint. In case # = 0, take the limit 8 — 0.

If one looks back at the history of the development of the theory of three-
dimensional rotations, the Euler-Rodrigues rotation formula clearly stands out. It
provides an efficient tool for rotating a vector in space, given an axis and an angle
of rotation.

2.5 Euler-Rodrigues Formula
Let g be a unit quaternion. Let the pure quaternion u be mapped by means of p,,
and let 8 € (0, ] be the required angle of rotation. The Euler-Rodrigues formula

reads

pq(@) := (1 —cos6) ( ) P + ucosf + (L X u) sin 6. 2.4
Ipl Ipl p|

erte the unit quaternlon g =¢qo+qasqg =cos3 LA | I sm . Substituting g =

and q= sm in (2.1), a direct computatlon shows that

0 0 0 0 0
pg(u) = (COSZ——LSin— P Gin2 )u+2(£sm— u) P inZ
2 pl 2 |Ipl Ipl Ip|

0 0
+2cos— Hsm—xu
0 0 0
:[cosz——sinz—(L'L)} +21n—(£'u)£
2 2 \Ipl Ipl pl pl

6 .0 (p
+2cos—sin—| — xu).
2 2 \|p|
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Therefore
6 . ,0 0 (p p
pg(u) = (0082 — — sin’ —) u+ 2sin® — (_ 'u) 2
' 2 2 BAT
0 0 (p
+2 cos - sm — H X u

—(l—cosé’)( )L—i-ucos@—i—(—xu)siné’.
ol )/ Ipl p|

Exercise 2.70. Let q be a unit quaternion, p a pure quaternion with the angle of
rotation . Using the Euler-Rodrigues formula, prove that if p,(p) = p, then p is
orthogonal to q.

Exercise 2.71. Let g be a unit quaternion and p be a pure quaternion such that
p = Aq for some A € R. Using the Euler-Rodrigues formula, prove that p,(p) =

Aq.

2.6 Applications to Plane Geometry

Let q be a unit quaternion. Given a pure quaternion u we can actually decompose it
asu = a + n, where a is the component along q and n is the component normal to
q. We will show that under the mapping p,, n is rotated about ¢ through an angle 6.
Since the operator p, is linear, the image gug can be indeed interpreted as the result
of rotating u about q through an angle 6. Since a is invariant under p,, we focus on
how p, acts on the orthogonal component n. Simple calculations give

pq(n) = gng
= (90 + @)[q-n + (ngo —n x q)]
=qo(q-n) + go(ngo —n x q) + q(q-n) + q(ngo —n x q).

From (1.2) it follows that

pg(m) = qo(q-m) +ggn—go(n x q) +q(q-n) —q - (ngo —n x q)
+ g x (ngo —n x q)
= qo(q-n) + gjn —qo(m x q) + q(q-n) — (q-n)go + q- (n X q)
+ qx (ngo) —q x (n x q)
= ggn—qo(n x @) + (q-m)q + q x (ngo) —q x (N x q)
= gon + (¢ -m)q — g x (0 x q) —2¢o(n x q).



48 2 Quaternions and Spatial Rotation
Applying formula (1.3) to the previous expression we obtain

pg(m) = gin+ (q-m)q — (q- @)n + (q-n)q + 2¢o(q x n)
= (¢ — q-@)n + 2(q - n)q + 2¢o(q x n)

= (¢5 — |q*)n + 240(q x n)

— (@~ laPn + 24lq] (ﬁ x n)

Denoten| = Tl | x n. With these calculations at hand we set

pg(m) = (g5 — |a/*)n + 2qo|q|n_.

Note that n; and n have the same length:

In_| = Sln— = [n].

vl =l

Ultimately, we arrive at

6 . ,0 6 .0
pg(n) = (cos2 i sin’ E) n + (2 cos 3 sin 5) nl
=cosfn+sinfny.

Namely, the resulting vector is a rotation of n through an angle 6 in the plane
defined by n and n, . This vector is clearly orthogonal to the rotation axis. The
vector resulting from rotating a vector u about the axis F{’I through 6 is thus given
by (2.4).

Example. Let g = \/L;(i —j+k)andn = j + k. Find n; and p,(n).

Solution. Straightforward computations show that

q 2. 1 1 > .
n=-—xn=——i——j+—k, pg(m) = —[q|'n =—j —k.
|l V3 V33 !

Exercise 2.72. Let g = %(1 —i+ j+k)andn = i + k. Represent p;(n) in
trigonometric form.

Solution. py(n) = v/2 (cos z -1 ﬁk sin 2)

Exercise 2.73. Let p;(n) =i — j +kandg = + i+ j). Findn.

1
U
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Solution. n = —i + j + k.

Exercise 2.74. Let p,(n) =2i + j +kandn=1i — j. Find q.

Solution. No solution.

Exercise 2.75. Let py e H(I = 1,...,n) be such that p; - pp, = O when I # m for
I,me{1,2,....,n}. Prove that |p; + -+ pu|> = |p1]*> + -+ + | pul*

2.7 Advanced Practical Exercises

1.

> w

Find p,(p1)-pg(p2) if (@) p1 = 1=i—j—k,py =i+ j+k,q=1+i+j+k;
®)pr =2-3i —4j =2k, pp = 14+i+j,q=2+7+j+ 5k
©pr=T—i+k, py=49—48j, g =101+ 102i 4+ 103; + 104k.

. Find |p,(p)|if(@) p = 14+2i—j—k,q=1+i+j; (b)p=1-3i+2j—k,

g=1—i—-k; ()p=1—-4i+5j+2k,q=2-101i +203j + 4k.
Letp=1—i—j—k,qu=1+iandg, =1— j.Find py, pg, (p).
Letq=1+i + j + k. Find p € H such that p,(p) = j.

Rotate the vector x = (x; x> x3) by the angle # about the unit vector
n = (n; n, n3)7 and denote the resulting vector by x’.

(a) Prove that x’ = (1 — cos 6)(x - m)n + cos 6x + (n X x) sin 6;

(b) Find an 3 x 3 matrix R(n, 8) so that X' = R(n, 0)x;

(c) Find an 3 x 3 matrix N so that Nx = n X Xx;

(d) Find the matrix N2;

(e) Prove that N> = —N;

(f) Prove that R(n,0) = I + sindN + (1 —cosO)N?;

(g) Prove that R(n, 0) = (R(n, %))k Vk e N;

(h) Prove that R(n, 0) = ¢V

(i) Prove that R(n, 8) = I 4+ sinON + (1 —cos@)(nn — I).

Let u and v be pure quaternions. Prove the following assertions: (a) uv — vu =
2uxv); (b)uvu=v(u-u)—2u(u-v).

Let u be a pure quaternion such that |u| = 1. Let v be an ordinary vector in R?,
and v’ the vector obtained by rotating v through an angle 6 around the axis u.
Prove that v/ = ¢vg, where g = cos% + usin %.

Consider the rotation f around the axis v =i 4 j + k with rotation angle § =
%”.Find f(x),where(@)x =i; (b)yx=j;, ©@x=k;, Dx=i+j;
x=i+k; (Hx=j+ks (@x=i+j+k; Mx=i—j—k; (@)
x=2i-3j+k; (x=-1+i+j—4k; &) x=ai+bj+ck(a,b,cc
R);, (W x=ao+a+bi+cj(ap,a,b,c €R).

Consider the rotation f around the axis u = —i + +/2j + k with rotation
angle 6 = % Find f(x), where (a) x = i; (b)x = j; () x = k;
Dx=i—j+k; ©x=14+i+j+k; Ex =ai+bj+ck (a,b,c€R);
(g)x =ap+ai +bj +ck (ap,a,b,c € R).
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10.

11.

12.

13.

14.

15.
16.

17.

18.
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Letp=1+4+i—j—k,q=3+2i+j+4kandr =2+i+ j + k. Consider
the rotation f around the axisu = i + j + k with rotation angle 6 = 27” Find:
@ f@2p—pqgr®); ) f(p+q°>+ pgr?).

Let p = a1+bii+c1j+dik and g = ay+byi +c¢3j +dok witha;, b;, ¢;,d; €
R (i = 1,2). Consider the rotation f around the axisu = i + j + k with
rotation angle 6 = . Find (a) f((p.9)); () f([p.qD); () f(p x q);
(d) f(sgn(p)); (o) f(p+); () f(p-).

Letp =i+ j,g=1—i—kandr =i+ j + k. Consider the rotation f
around the axis w = i + j 4+ k with rotation angle § = ZT” Find f(p—[p,2p—
rl+g x(p+r)).

Consider the rotation f around the axisu = i 4+ j + k with rotation angle 6 =
%”.Find f(p),where ) p = jK(1+i—j)+2—i =3 +k+[i+j.i—jl;
(b) p = sin(i) 4 cos(j) + tan(k).

Consider the rotation f around the axis v = vii + vyj + v3k, v, 02,03 € R,
with rotation angle 6. Prove that for every x € H, it holds that f(x) = f(—x).
Show that the quaternion product is noncommutative using rotations.

Let g = qo + q € H be a unit quaternion, x = x¢o + x € H. We define
the quaternion x’ = ¢gxg with x’ = xj + x/, where X' = x}i + x}j +
x4k (xg, x1, x5, x5 € R).

(a) Prove that x|, = xo;

(b) Prove thatx’ - X' = x-x;

(c) Prove thatx' = (g3 — q - @)x + 2goq X X + 2q(q - X);

(d) Find an 3 x 3 matrix R(q) such that X' = R(q)x;

(e) Prove that the correspondence ¢ — R(q) is a group homomorphism;

(f) Prove that the correspondence ¢ — R(q) is not an isomorphism;

(g) Prove that R(q) is an orthogonal matrix;

(h) Let R = (ry;). Prove that

Q
(=)
|

1 1
Z(1+r11+r22+r33), qi = Z(1+r11—r22—r33),

1 1
q2=z(1—"11+r22—r33)a q%:z(l—rll—rzz+r33),

1 1
qoq1 = Z(rsz —3), qoq2 = Z(rls —r31),

1 1
qoqs = Z(VZI —r12), q192 = Z(rlz + 1),

1 1
9193 = Z(rm + r31), G293 = Z("z3 + r32).
Prove that in any right-angled triangle the square on the hypothenuse is equal
to the sum of the square on the sides.
Prove that in any right-angled triangle the median to the hypothenuse is one-
half the hypothenuse.
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20.
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Let ABCD be a parallelogram. If its diagonals are at right angles to each other,
it is a rhombus.

The figure formed by joining the middle points of the sides of a square is itself
a square.

The sines of the angles in any plane triangle are proportional to the opposite
sides.

In a right-angled triangle find the sine and cosine of the acute angle.

Find the sine and cosine of the sum of two angles.

Find the angle between the diagonals of a parallelogram.

Prove that the sum of the squares of the diagonals of a parallelogram equals the
sum of the squares of the sides.

Prove that in any quadrilateral, if the lines joining the middle points of opposite
sides are at right angles, then the diagonals are equal.

Inscribe a circle in a given triangle. Prove that the sum of the angles of the
triangle is 180°.

Hint. Let «, B, y be the angles of the triangle. Note that the corresponding central
angles are 180° — ¢, 180° — B and 180° — y, and their sum is 360°.



In the present chapter we use the properties of quaternions described in a previous
chapter to explore the key notion of a quaternion sequence. Then we will use
this analogue in a formula called summation by parts, which is an analogue of
integration by parts for sums. Summation by parts is not only a useful auxiliary
tool, but even indispensable in many applications, including finding sums of powers
of integers and deriving some famous convergence tests for series: the Dirichlet and
Abel tests. Besides the new results that we will derive from it, much of the theory of
quaternion sequences is analogous to that encountered in real and complex calculus.
For this reason, the prerequisites are rather modest. A strong motivation for taking
up this study is that we need to understand the behavior of quaternion sequences in
order to construct formal quaternion power series and infinite products in Chap. 4.

3.1 Quaternion Sequence

A quaternion sequence is a collection of real quaternions pi, ps, ps, ... “labelled”
by nonnegative integers. We shall denote such a sequence by {p,} 2, where
n =1,2,3,...and p, are the elements of the sequence. As an alternative simpler
notation from now on we write {p,} for {p,}72,. Traditionally, one assumes that
a quaternion sequence has infinitely many terms; a finite collection is sometimes
called a finite quaternion sequence. There is no requirement for the terms of a
quaternion sequence to be distinct, some of them may coincide. If all terms p,
coincide with the same quaternion number, the sequence is called constant. To give
an example, we take p, = n— j" +k" so that the quaternion sequence {n— j" + k" }

18

l—j+k, 2, 34j—k 4 ., 5-j+k,
———— N—— —— N—— ————
n=1

Let { p,} be a quaternion sequence. We make the following definitions:

J.P. Morais et al., Real Quaternionic Calculus Handbook, 53
DOI 10.1007/978-3-0348-0622-0__3, © Springer Basel 2014
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(i) We say that { p,} is nonzero if p, # Oy for every n € N;
(i) We say that two quaternion sequences {p,} and {gq,} are equal, and write
{pn} = {qn} if py = qn foralln € N.

3.2 Scalar and Vector Parts of a Quaternion Sequence

Let {p,} := {a,} + {b,}i +{cn}j + {d, }k be a quaternion sequence. The sequence
{a,} denotes the scalar part of {p,} and {p,} := {b,}i + {c.}j + {d,}k the vector
part of {p,}. Here {a,}, {b,},{c,} and {d,} are real-valued sequences defined on a
set of positive integers. The notations {a, } and {Sc(p,)} (resp. {p,} and {Vec(p,)})
are interchangeable.

3.3 Symmetric, Conjugate, Modulus and Inverse
of a Quaternion Sequence

Given a quaternion sequence { p, }, we define:
(i) Symmetric
_{pn} = {_pn};
(i1)) Conjugate
(iii) Inverse
{pn}~! = {p; '}, provided that p, # Oy for all n;
(iv) Modulus
On occasion the modulus of a quaternion sequence {p,} = {a,} + {b,}i +{cu}j +
{d, }k is defined by

o ont = Ve = Vi@ + 1007 + (e + 1@)7).

Exercise 3.76. Show that the following statements are true: () if {pn} is nonzero
then {—p,} is nonzero;  (b)if{p,} is nonzero then { p,}~" is nonzero; (c)if{pn}
is nonzero then ({p,} ™' = {p,}.

Exercise 3.77. Prove that (a) if A € H \ {Oyg} and {p,} is nonzero then {Ap,}
is nonzero; (b) if A € H \ {Oy} and {p,} is nonzero then {Ap,} = A{pn};
(©)if A € H\ {Ow} and {p,} is nonzero then {Ap,}~' = {p,} 117,

3.4  Arithmetic Operations
As in the case with real and complex sequences, we have the standard operations on

quaternion sequences. In particular, given two quaternion sequences { p, } and {¢, },
we define:
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(i) Addition (subtraction)
{on} £Aqnt = {pn T u}s
(i1)) Multiplication
{Pn}lan} = {Pndn};
(iii) Quotient

g—:i = {5—:} = {paq,’'}, provided that ¢, # Oy for all n.
i}

We shall always write (g} (0 mean {pn}{g; "} in the sequel. Note that this is gener-

ally different from {¢,'}{p,}, since quaternion multiplication is not commutative.
The familiar associativity, and distributivity laws of multiplication over addition
(subtraction) hold for quaternion sequences:
(iv) Commutativity law of addition (subtraction)
{pn} £4qn} = {qn} £ {py} forall{p,},{g.} C H;
(v) Associativity law of addition (subtraction)
{pn} £ ({gn} £ {ra}) = (pn} £ {qn}) £{ra} forall{p,},{gn}. {r,} CH;
(vi) Distributivity law of multiplication over addition (subtraction)
{pn}(gn} £ {rn}) = {patign} £ {pn}{rs} and
({gn} £ {ra)ipn} = {gnH{pn} £ {ra}{pa} forall {p,}, {gn}. {rn} C H;
(vii) Associativity law of multiplication

A HgnDrn} = {pn}{gniira}) forall {p,},{gn}, {ra} C H.

The verification of these properties is left to the reader.

Exercise 3.78. Show that each of the following statements is true: (a) { p, } and {q, }

are nonzero if and only if { pnq, } is nonzero;  (b) if { pn} and {q,} are nonzero, then

1pngn} ™ = 4@y Hpa} ™ (©)if (g} is nonzero, then 24{q,} = {p,} for every

quaternion sequence {p,};, (d)if{p,} and{q,} are nonzero, then ?q’ ”; is nonzero;

-1
(e) if {pa} and {qn} are nonzero, then (%) = EZ}} (®) if {pn} is nonzero,

then |{pa}| is nonzero;  (g) if {pu} is nonzero, then ({|p|})~" = [{p;"}.

Exercise 3.79. Let p, = 1" +i" — j andq, = 2" +i" — k. Find (a) {p, + qn},
®) {pn —qut; © {Pugn}; (D {ann_l}; @©) {pn}; O ign}s (g) {pn}l;
() Kgn}l-

Solution. (a) 1 +2" +2i" —j —k; b 1-2"—-j—k; (©)2"4+i"—k+
S\ n no__ ion _ iinm oy . 2 —i" k42" (=) ki — 2+ i i
(21) +(_1) _kl _.]2 _.]l +l’ (d) 2211+2 ’

@1"=2"+j; O2—i"+k (D3 (h)V22+2.

Exercise 3.80. Let {p,} and {q,} be quaternion sequences. Show that: (a)

[{Apa3l = |Ml{pa}| for every A € H\ {O0m};  (b) {paguil = Kpadllign}l;

(c) If { p,} is nonzero, then ‘f;ﬁ:i
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Exercise 3.81. Let p, = ni — %k and q, = %i — nk. Find @) |{jps}|; (b)
Pl © | {2

Solution. (a){ nz—l—nlz}; (b){ 2_‘_”4_’_%4}; (C){%M}‘

We proceed to study the convergence and divergence of quaternion sequences.
Here we will recall some fundamental definitions and notations which will be
needed throughout the text, probably familiar to most readers in one form or other.

3.5 Convergence of a Quaternion Sequence

The notion of convergence of a sequence is the same as that of a limit. We say that
the sequence of quaternion numbers { p, } convergesto a limit p € Hif |p,—p| — 0
as n — oo. We will use the traditional notation: lim, oo p, = p,0r p, — p
as n — oo. In other words, {p,} converges to the real quaternion p if for each
positive quantity €, no matter how small, a natural number N can be found such that
| pn — p| < € whenever n > N. This definition makes decisive use of the absolute
value. Since the notion of absolute value has a meaning for quaternions as well as
for real and complex numbers, we can use the same definition regardless of whether
the variable p and the functions studied are real, complex or quaternion.

3.6 Divergence of a Quaternion Sequence

The sequence {p,} = {a,} + {b,}i + {c,}j + {d,}k of real quaternions is called
divergent to infinity if for every positive constant M; (no matter how large), there
exists a natural number N = N(M)) such thata,, b,, c,,d, > M; foreveryn > N.
For this one uses the notation: lim, o p, = 00, Or p, — 00 as n — 00. The
sequence {p,} is called divergent to negative infinity, and we write lim,— o p;, =
—o00, or p, — —00 as n — oo, if for every constant M, € R, there exists N =
N(M,) such thata,, b,, c,,d, < M, forevery n > N.For example, the quaternion
sequence {—n —n%i —n3j — nk} is divergent to negative infinity.

The natural number N above certainly depends on the positive number €. If €,
is a positive number smaller than €, then the corresponding N; shall be larger than
N. Hence we will often write N to mean the dependence N (¢). It should also be
stressed that N is not unique. If a natural number N has the property needed in
the definition of convergence, then any larger natural number M will also have that
property. In practice, if we wish to attack a limit problem we will eventually have
to show that the quantity |p, — p| is less than € for some p € H whenn > N. To
find out which N to use is always the challenging part. Commonly, some algebraic
manipulations can be performed on the expression | p, — p| that can help us find out
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exactly how to choose N. As we will see later, there are ways to tell in advance that
a quaternion sequence converges without knowing the value of the limit.

Let us list now some useful convergence properties. Let {p,} and {g,} be
quaternion sequences such that lim,_,», p, = p and lim,— g, = ¢, for p,q € H.
Then

@ lim p, = p;
n—od
(i) lim [pa] = [pl;
(i) lim (p, £¢,) = p£q;
n—>oo
(iv) lim pug, = pq;
n—od
v) lim pt=p~!
n—>o0
The verification of these statements is not difficult and is left to the reader. Properties
(iii) and (iv) can be extended to cope with any finite number of convergent
quaternion sequences. For example, for n sequences: lim,—oo(py, £ ¢, £ -+ £
rp) = lim, oo pr £ 1imy 00 qp £+ £ 1imy 00 1y, and limy oo (Prgn -+ 70) =
limy,— o0 Py liMy 00 ¢y + - - lim, >0 Fy,. Properties (iv) and (v) imply that
lim;, o0 Z—: = pqg~! whenever g # Oy and g, # Oy for all n. Furthermore, if p is
a quaternion number such that |p| < 1, then the quaternion sequence {(p,)"} has
limit Og. If p # O, then the sequence {|p,|"/"} has limit 1.

whenever p # Oy and p,, # Oy for all n.

Exercise 3.82. Determine whether the following quaternion sequence converges
. n . n . n. n

or diverges: (a) 7=(1 —i) + 4 (j —k); (b) e/m—(1+ 1"+ =k (©

PP (@ tan™ (=) = (1= )" G+ + 0" (@i = j —nlog (3E) k;

. - N
(0 e n 5 (@b > 0); (@) n™log(m)EEy (@ > 0); () C=HHE 4

1. .
e )

Solution. (a) Convergent; (b) Convergent; (c) Divergent; (d) Divergent;
(e) Convergent; (f) Convergent; (g) Convergent; (h) Convergent.

Exercise 3.83. Let p,,q, C H such that lim,—~ p, = p and lim,eq, = ¢,
p.q € H. Let a, b € H. Prove that lim, .o (ap, £ bq,) = ap + bg.

Exercise 3.84. Let {p,} be a quaternion sequence. Prove that lim,_.o p, = Oy if
and only if lim, e | pu| = 0.

Exercise 3.85. Let {p,} be a convergent quaternion sequence. Discuss the conver-
gence of the quaternion sequence n{p,}".

. . . 1
Solution. The sequence is convergentif | p,| < —.
nn

Exercise 3.86. Let {p,} be a quaternion sequence. (a) Suppose that, for each n,
|pn| < 1/n. Prove that limy,—o0 pn = Om,  (b) suppose {q,} is a quaternion
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sequence that converges to Oy, and suppose that, for each n, |p,| < |qu|. Prove that
lim, 0 pn = O

We shall now state a necessary and sufficient condition for the existence of a
limit for a sequence of quaternion numbers.

3.7  Criterion for Convergence

A quaternion sequence { p, } converges to a quaternion number p = a+bi+cj+dk
if and only if Sc(p,) converges to py = a and Vec(p,) convergesto p = bi +cj +
dk.

For example, consider the sequence {w}. We have

n+1
Sc(py) = — 1
C = —
DPn w1
and
i—j+nk
Vi = k
ee(py) =~ =

as n — oco. We conclude that the given sequence convergesto a + bi +c¢j +dk =
1+k.

Exercise 3.87. Check whether the following quaternion sequence {p,} converges
to a quaternion number p by computing lim,— . Sc(pn) and lim,_,« Vec(py).

n_*—n n i—nj —i4 )y —kn/? e’ . .
@ (St o)y @ (U @G (- i+ ) +
G+ TR

el

Solution. (a)0,00; (b)0,0i +0j +0k; (c)0,0i +0j +0k; (d) oo, c0i +
ocoj + ook.

Exercise 3.88. Let py be a given nonnull quaternion number. Define the sequence
{pn} recursively by

1 1
Pn+1=—(1?n+—), n>0.
2 DPn

If {pn} converges to a quaternion number p # O, show that: (a) if Sc(po) > 0
then lim, o0 py = lm;  (b) if Sc(po) < O then lim,0o p, = —ly; (¢) if
Sc(po) = 0 and Vec(po) # (0,0,0) then {p,} is divergent.

Example. Let p, = a, + b,i + ¢,j + d,k, where a,, b,, c,,d, € R. Prove that
lim, o0 pp = p, p =a+bi +c¢j +dk (a,b,c,d € R),if and only if
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lim a, =a, lim b,=b, limc¢,=c¢, and Ilim d, =d.

n—o0 n—o0 n—o0 n—o0
Solution. First, we prove the necessity part. Assume that p, converges to a limit
p, e lim, o p, = p. Hence, lim,—,oo(p, — p) = Op. Let € > 0 be arbitrarily
chosen and fixed. Then there exists a natural number N such that for every n > N
we have

Vian —a)? + (by —b)? + (cn — ) + (d, — d)? < e.

Since

la, —al < \/(an —a)? + (by —b)? + (ch —¢)? + (dy — d)? <,
and similarly |b, — b|, |c, — ¢|, |dy — d| < €, we conclude that
lim a, =a, limb,=b, limc¢,=c¢, limd,=d.
n—oo n—o00 n—o0 n—oo

For the sufficiency part, assume that the previous relations hold. Then

lim v/(an —a)> + (by —b)2 + (ca =€) + (dy —d)? = 0,

ie. limy—oo pn = p-

Next let us study the behavior of a quaternion sequence “after a certain point”,
and give it a precise meaning regardless of what went on before that. This may be
done by discarding the first N terms of a given quaternion sequence {p,} to get a
shifted sequence {g, } given by ¢, = py+,. We shall denote it by { py+,}, so that

{PN+n} = {DN+1, PN+2, DN+3s PN+4» -}

To complete the reasoning we introduce the definition below.

3.8 Certain ‘Property Eventually’

We say that a quaternion sequence { p, } satisfies a ‘certain property eventually’, if
there is a natural number N such that the sequence {py+,} satisfies that property.
For instance, a quaternion sequence { p, } is eventually bounded if there exists an N
such that the sequence { py+,} is bounded.

Exercise 3.89. Show that if a quaternion sequence is eventually bounded then it is
bounded.
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Exercise 3.90. Let {p,} = {1.i + 3k, 3i + 1k. 3i + ¢k, 2i + gk, ...}. Prove that
the sequence {p,} is eventually bounded.

We proceed with an example.

Example. Let N be a natural number and {p, } a quaternion sequence. Prove that
lim,— o py = p if and only if the shifted sequence lim, o0 py+n = p, p € H.

Solution. Let € > 0 be arbitrarily chosen and fixed. Then there exists a natural
number Ny such that | p, — p| < € whenevern > N;.Ifn > Ny, then N +n > Ny,
therefore |py+n — p| < €. Hence, lim,—o0 pnv+n = p. Conversely, suppose that
lim, 00 py+n = p. Then there exists a natural number N, such that | py4+,—p| < €
whenevern > N,.If n > N 4+ N,,thenn — N > N», so

|pn — Pl = [PN+@m-N) — P| < €.

Hence, lim, o0 pn = p.

3.9 Quaternion Subsequence

A quaternion subsequence of {p,} is a sequence of the form {p,, }, where {n;} is a
strictly increasing sequence of natural numbers.

Exercise 3.91. Prove that any subsequence of a convergent quaternion sequence is
convergent (to the same limit).

Exercise 3.92. Prove that every subsequence of a bounded quaternion sequence is
bounded.

Exercise 3.93. If the shifted subsequence {py+n} is bounded, does it follow that
the sequence {p,} is bounded? Justify your answer.

3.10 Expression ‘of the Order of’

If {p,} and {g,} are two quaternion sequences such that a natural number N can be
found such that |(p,/g.)| < K whenever n > N, where K is independent of n, we
say that { p,} is ‘of the order of” {g,}, and write p, = O(g,). For example,

n+2j—nk | _ (n+2j —nk)(n —n’i —n’k) _0 1
n4+ndi +n2k| n2(1 4+ n% 4+ n) N n?)’

If limy—o0(pn/qn) = Om, we write p, = 0(qx).
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Exercise 3.94. Consider {p,} = and

V/n+1 v+l Vn+1 - Vn+1
{2"’2’_2]_2]‘}’

{an} = {“/TZ + “/Tgi + “/TEj + “/Tﬁk} Prove that p, = O(qy).

3.11 Equivalent Convergence Criteria

We say that the quaternion sequences {p, } and {g,} are equivalent, and write p, ~

q,,,iflimn%o}g—" —1.

Exercise 3.95. Let {p,} and {q,} be two quaternion sequences such that p, =
qn + 0(gn). Prove that p, ~ q,.

Exercise 3.96. Let {p,}, {q.} and {r,} be quaternion sequences. If { p,} and {q,}
are equivalent, prove that lim,_ o (ppr,) = lim,—00(gnn).

Despite its many advantages, the definition of convergence of a quaternion
sequence has one disadvantage, namely that we need to know the limit in order
to prove that the sequence converges. There is a method that permits to prove
the existence of a limit even when it cannot be determined explicitly. This test of
convergence bears the name of the French mathematician Augustin-Louis Cauchy
(1789-1857), and it will be briefly discussed below.

3.12 Cauchy Quaternion Sequence

A quaternion sequence {p,} is said to be a Cauchy quaternion sequence, or
fundamental (or to have the Cauchy property) if, for each positive €, no matter how
small, an integer N > 0 can be found such that |p, — p,,| < € foralln,m > N.
“For all m, n that satisfy n,m > N is essential: for instance, a quaternion sequence
{pn} satisfying | p,+1 — pn| < € for all n > N may not be a Cauchy quaternion
sequence.

Example. Consider the quaternion sequence {p,} = {%} Prove that {p,}
is a Cauchy quaternion sequence.

Solution. Let € > 0 be arbitrarily chosen and fixed. We have to find a natural
number N such thatif n,m > N, then |p, — p| < €. Note that

l—i+j—-k 1—i+j—k
| Pn — Pl = -

2n 2m
1 1 1 1
=|l-——|==4+—.
n m| n m
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As in real analysis, if both n and m are greater than %, the result will follow.

Exercise 3.97. Let {p,} and {q,} be Cauchy quaternion sequences. Prove that
{Pn qn} is a Cauchy quaternion sequence.

Exercise 3.98. Let p, = a, + ib, + jc, + kd,, where ay, b,, c,, d, € R. Prove
that {p,} is a Cauchy quaternion sequence if and only if {a,}, {bn}, {cn}, {dn} are
Cauchy sequences.

3.13 Cauchy Convergence Test

A quaternion sequence {p,} is convergent if and only if it is a Cauchy quaternion
sequence. That this condition is necessary is trivial: If lim, .~ p, = p, we can find
N such that |p, — p| < 5. Forn,m > N, it follows that

[P0 — Pm| < |Pn— Pl + |pm — Pl <e.

There are several ways to prove that the condition is also sufficient. Here we
make use of the well-known Bolzano-Weierstrass theorem, attributed to the Czech
mathematician and philosopher Bernard Bolzano (1781-1848) and the German
mathematician Karl Weierstrass (1815-1897). Suppose that {p,,} = {a,} + {b,}i +
{en}j + {dn}k is a Cauchy quaternion sequence. Using the result of the previous
exercise, the four real-valued sequences {a,}, {b,}, {c,}, and {d,} have the Cauchy
property, and moreover they are bounded. In particular, for ¢ = 1 a natural number
N can be found such that n > m > N implies that |@, — a,| < 1, and so
lan| < lay, —apn| + lan| < 1 + |ay|. Hence the real sequence {a,} is bounded by

max{|ail,...,|lany-1],1 + |an|}. By the Bolzano-Weierstrass theorem, {a,} must
contain a convergent subsequence, say {a,, }. Thus, for some a € R we have
lim; 0 ay, = a. Let e > 0 be arbitrarily chosen and fixed. Then there exists a

natural number / so thati > I implies |a,, —a| < 5. There is also an integer M
such that n,m > M we have |a, — a,;| < % We may also, if necessary, increase
I until ny > M. Then n > ny implies |a, —a| < |a, — an,| + la,, —al| < €.
Therefore {a, } converges to a. Similarly we can prove that the sequences {b,}, {c,}
and {d,} converge, respectively, to b,c,d € R. Consequently, {p,} converges to
p=a-+bi+cj+dk.

Exercise 3.99. Let {p,} be a convergent sequence, and {q,} a Cauchy quaternion
sequence. Prove that the quaternion sequence {pnq,} has the Cauchy property.

Exercise 3.100. Let{p,} and {q,} be Cauchy quaternion sequences, and a,b € H.

Prove that: (a) {ap, + bq,} is a Cauchy sequence;  (b) {{Iq’—”i is a Cauchy sequence

whenever q, # Om for all n.
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Let us move on to the discussion of a formula called “summation by parts”,
which is often used to simplify the computation or (especially) estimation of certain
types of sums. The summation by parts formula is often called Abel transformation,
named after Niels Henrik Abel (1802-1829).

3.14 Summation by Parts

For any quaternion sequences { p,} and {g,}, the following relation holds:

n n
Y it = PG+ + D PrlGe1 —4k) = Pasidntt = Pum- (3D

k=m k=m

Indeed, combining the two terms on the left-hand side, we formally obtain

n
Y (Pr1Gr+1 — Prdiert + PGkt — PRGE) = Put1Gn+1 — P,

k=m
which is a telescoping sum, leaving us with the term p,+1¢,4+1 — Pmqm-
Exercise 3.101. Let {p,} = {(n — 1)i + (n — 1)j} and {g,} = {(n — 1)k}. Find
> k=1 (Pr+1Gk+1 — Prqi)-

2

Solution. n*i —n?j.

Exercise 3.102. Let {p,} = {n —i — j} and {g,} = {n —ni + k}. Find
Y k=m (P+1Gk+1 = Prqi)-

Solution. n> +n —m? +2m — (n*> 4+ 3n + 3 +m?> +2m)i — (n + 2)j — mk.

3.15 Abel Transformation

Let {p,} and {g,} be quaternion sequences, and let {S,} = {p1 + p2 + -+ + pu}
denote the n-th partial sum of the series corresponding to the sequence {p,}. Then
for any m < n we have

n—1

n
Z Pkqk = Onqn — qum - Z Sk(Qk+1 - qk)- (3.2)
k=m+1 k=m
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Indeed, applying the summation by parts formula (3.1) to the quaternion sequences
{S,} and {q, }, we obtain

n—1 n—1
D Skt = Sk + D Se(@r1 — Gk) = Sudn — Swm-
k=m k=m

Since py+1 = Sk+1 — Sk, we conclude that

n—1 n—1
> peridginr + Y, Skt — k) = Sudn — Smdim-

k=m k=m

Replacing k with k —1 in the first sum and bringing the second sum to the right-hand
side, we obtain (3.2).

Exercise 3.103. Let {p,} be a convergent quaternion sequence, and {q,} a quater-
. n

nion sequence such that | Y i _, | piqx| < oo for every natural numbers m and n.

Prove that {q,} is convergent.

3.16 Advanced Practical Exercises

1. Let {p,} be a quaternion sequence and p € H. If lim, o | px| = |p|, does it
follow that lim,, o p, = p? Justify your answer.

2. Let {p,} be a quaternion sequence such that lim,_, p, = p, p € H. Prove
that lim,, oo % (pr+p2+---+py)=p.

3. Let {p,} and {g,} be quaternion sequences such that lim,_.» p, = p and
lim, 00 gy = ¢, for p,q € H. Let also a,b € H. Prove that lim,_, - (p,a +
gnb) = pa £ qb.

4. Compute the following limits:

U1, 1 12\

(a) lim 5
n—00 T R A N
T (53 + %57 — k)
Lt ia i 4y
® lim A+i+j+k) :

n—oo 1+ (1+i+ j+k)>

L oqi—j+k (—j+k)? Gi—j+k)y
(C) nll)ngo< 4 + 24 ++n—4)
n+i+j+k

El

)

d) L
@ Jim
oo 14+2n%i—j—k
(e) lim - ;
n—o00 I’l2+j+k
2—1i 27 2k
() lim —_ "~ 2K

n—>00 ]+n2i+j
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i L+i+j+nk
(g)nilgo—31+n2k ;
—i+2k
(h) lim i

n>oo 1 —2i +1j+k’

1 k

@ lim +nt+n{+n :
n—oo 1 —i—j—k

n—00 n2-|-j-|-k

2—1i 24 1)j—2k
() lim 2@ F D2k
n—00 l+n21+]
. Dk
) lim n+i1+j+ .

n—oo n—i+2k
. m+i+j—k)?- (n—nl—i-nj—i-k)2
(m) lim
n—00 (n+1i—j+nk
5. Compute lim(\/n+l+]—k—\/l—ni+k)
1+i—k+2+4+2i —2k+-- +n+nz—nk
3n2—1

6. Compute lim
n—oo

1 1 1 1.2 1,2 1 2
o t=hi—ljdk 4 In? =t = 1n?j + 0%k
7. Compute nlglgo 3 .

8. Compute the following limits:
. . . 1
(@ lim@m+i+j+k);
n—oo .
(b) lim (1+ni+j+k)r;
n—oo .
(¢) lim(A+i+nj+k);
n—oo .
(d lim(+i+j+nk);
n—oo .
(e) lim (n+ni+j+k)r;
n—o00 .
®H lim (1—j—k)»;
n—o00 .
(g) lim 2+k)n.
n—o00
(n+2)!+n!

9. Compute lim,— oo (—(n+2)'!_n!'+ > —«/ani-HH_% cos (%) j+ (1 + %)n k).

10. Compute  lim, oo (1 T A k), for

l e N.

11. Compute
142
lim (n;+u <\/2+‘/2+ e )H )
n—>oo
12. Compute
(a) lim — if lim a, =1—i+ j;

n—>o00 @, + n—>00
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13.

14.

15.

16.

17.
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n+3 . . .
b lim 2 i limoa, = 1 +2i +k:
n—>00an— n—>o00
2 . .
a
© tim 2T e i g, =itk
n—>oo

n—oo  qa, +k

Lk
@ tim 2278 i lim oa, =i —2) + 3k;
n—)ooan+l+] n—>00

n
© lim TR e imoa, =3—i +k
n—00 a n—00
itk
® lim 222 TE e him g, = 2
n—00 a, +1 n—00
2 .
a, +4i +5k . e
® B a1 SR T
. ay _l _j . . _ .
O tm o i liman =3
2 . .
- +3k
G lim 22 7T O e g, =i+ ke
n—»o00 a, —.i-l —|—] n—»o00
. . a, — . . . .
Ly S A

Let {a,} be a quaternion sequence such that lim,_

an+4-1
An

lim, 00 Z—': = to00.

Let {a,} be a quaternion sequence such that ‘lim,,_>oo a’;“ ‘ < 1. Prove that
n

lim, o a, = 0.
Compute

(@) 1imy—o00(@y +bui +¢,j), Where ay = 37/ o7, b0 = 30/, ﬁ,

1
n n 3‘
e =2 1=1 (4_+1) ;
(b) lim,—e0(@nj + byk), wherea, = Y 7_, ( 1+ 4 - 1), and

1
by =Y_, ((1 i }11_23)3 _ 1).
Find the limit of the quaternion sequence { p, } if
@ pp+1=1ipy+J;
(b) jpn+1 = kpy —i;
©) (I +1)pn+1 = kpu;
) porik=0—i—j)p.+k;
@© (I—i—=J)ppr1 =kp,—1+1;
() p5+1 =1ipy + Dn—1;
@) ipn—1 =+ j)pp
Prove that p, = O(g,), where
(@) pp = YHHZ 4 Si 4 3+
«/r?j + @k;

v2n2;—n+4k and qn = n2=3 4

> 1. Prove that



3.16 Advanced Practical Exercises 67

18.

19.
20.

21.

22.

23.

24.

25.

(b) p, = V2T | oriles; | Y3 YT and g,
N N = S s S =18
2 2 2 2
Prove that p, = 0(g,), where
@ pn = V2" +3" =2+ /2" —2i + /3" +2j + /2" +3" + 2k, and
Gn = W — 1 — ST 1i+ /4" —2) — & +2k;

(b) p, = /ncosn! +2—+/ncosn! —3i—~/ncosn! —2 j—+/ncosn! + 2k,
andq, = Vn2+2+vn2—-2i +j +k.

Let { p,} be a quaternion sequence. Prove that p, ~ p,.

Let {p,} and {q, } be two quaternion sequences such that p, ~ ¢,. Prove that

4n ~ Pn-

Let{p,},{g,} and {r,} be quaternion sequences such that p, ~ ¢, and g, ~ r,.

Prove that p, ~ r,,.

k
Leta € Rtk e Nands, = min{fm € N:qa < (’") }. Prove that p, =

"

1 +1i+°j+ /%k is a Cauchy quaternion sequence.
Let s, be as in the previous exercise, and b > 1,¢ > 0,n € N, 7, = min{g €

2
Z : c" < b8} Prove that p, = 1 + i + tnij + ;sz is a Cauchy quaternion
sequence.
Let f, € Rand f,4+1 = H_’7 +d,|r| < 1,d € R, and let s, and ¢, be as
in the previous exercises. Prove that p, = 1 + i + % J + fak is a Cauchy
quaternion sequence.

Let p,,w, € H, {p,} a convergent quaternion sequence, and {w,} a Cauchy
quaternion sequence. Prove that { p,w, } has the Cauchy property.



An essential feature of the classical theory of power series is that we can manipulate
recurrence relations for power series without necessarily worrying about whether
the underlying series converge. In case they do converge, we can extract important
information about the recurrence relation that may not otherwise be easily obtain-
able.

In this chapter we use the properties of quaternion sequences described in
the previous chapter to explore the key notions of convergence and divergence
for quaternion infinite series and products. In practice it is truly laborious and
frequently difficult to prove that a particular quaternion series converges uniformly
in a given region. Here we preferably end up dealing (implicitly or explicitly)
with general results that provide some tests under which quaternion series will
converge uniformly. As we will see, many interesting and useful quaternion series
and products are simply generalizations of their counterparts from real and complex
calculus. The reader is urged to pay particular attention to what is said about
geometric series, since this type of series will be important in the later chapters.

We now introduce the notion of a quaternion series in a manner similar to that
encountered in real and complex calculus.

4.1 Quaternion Series

Let {p,} be a sequence of real quaternions, and let the sum p; + p» + -+ + p,
be denoted by S,. The sequence {S,} is also called the series associated to the
sequence {p, }.
We introduce the following definitions:
(i) If S, tends to a limit S as n — oo, the quaternion infinite series Y v | p, is
said to be convergent, or to converge to the sum S, and we write Z;O:I pn =S,
(i) D02, puis said to diverge if {S,} does not converge as n — oo;
(iii) Y02, pn is said to diverge to infinity if {S,} tends to infinity as n — oo;
(iv) Y_oZ, pa is said to diverges to negative infinity if {S, } tends to negative infinity
asn — oo.

J.P. Morais et al., Real Quaternionic Calculus Handbook, 69
DOI 10.1007/978-3-0348-0622-0__4, © Springer Basel 2014
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When the underlying quaternion series converges, the expression S — S,,, which
is the sum of the series

Pn+1+ Pnt2+ Doy + -0,

is called the remainder after n terms, and is frequently denoted by the symbol R,.
In addition, the sum p,+1 + pup+2 + pu+3 + +++ + Pu+m Will be denoted by S, ;.
We can easily derive some properties for quaternion series:

4.2  Arithmetic Properties of Quaternion Series

Let Y o2, pyand ) .- g, be two quaternion series, and A, ; quaternion numbers.
The following statements are true:

() If >02, pn and Y o2 | g, are both convergent, then the series Y .o (Ap, +
Uqn) are convergent and their sum (difference) is Y oo (Apy £ 1gy) =
ATy PoE Y0 s

(i) IfY .2, pnisconvergentand Y .- g, is divergent, then the series Y .o, (p, £
qn) are divergent;

(iii) If N is a natural number, then the quaternion series Y .-, p, converges if and
only if the shifted series Y v | pyn cOnverges.

Exercise 4.104. Let {p,} = {1 +ni + j + k} and {q,} = {-5i + j}. Investigate
the convergence or divergence of the series Z;’lil (pn £ qn)-

Solution. Both divergent.

4.3 Geometric Quaternion Series

Due to the noncommutativity of the multiplication we shall distinguish between a
left and right geometric quaternion series. A left geometric quaternion series is any
series of the form

o0
Zap”_1:a+ap+ap2+ap3+-~~, 4.1)
n=1
where a € H. Similarly, we define a right geometric quaternion series as
(e 9)
Y pla=a+ pa+platplat--.
n=1

Throughout the text we only use left geometric quaternion series that, for simplicity,
we call geometric quaternion series. Nevertheless, all results obtained for left
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geometric quaternion series can easily be adapted to right geometric quaternion
series. For (4.1), the nth term of the sequence of partial sums is

Sy =a+ap+ap*+---+ap" .

In order to find a formula for S,,, we multiply the right-hand side of S, by p,
Sap =ap+ap® +ap’ + -+ ap”,

and subtract this result from S,. Then all terms cancel, except for the first term in
S, and the last term in S, p. So, more concretely,

Sy—Sqp=a-+ap+ap’+---+ap" ' —(ap+ap® +---+ap"”" +ap")
=a—ap",
or S,(1g — p) = a(lg — p"). Solving the last equation for S, one obtains
Sp=a(la—p")(1z—p)~" 42)

Since p"* — Oy as n — oo whenever |p| < 1, we have that S, — a(lg — p)~L.
In other words, for | p| < 1 the sum of a geometric series (4.1) is

ally—p) ' =a+ap+ap* +ap® +---. 4.3)

The geometric series (4.1) diverges when |p| > 1. Let us give an example. Consider
the quaternion geometric series

i(l—i+2j + k)"
3 '

n=1

We see that it has the form given in (4.1), with a = %(1 —i+2j+k)and p =

%(1 —1i 4 2j + k). Since |p| = 4 < 1, the series is convergent and its sum is
given by (4.3):
S (1l—i+2j+ky (1—i+2j+k) (I—i+2j+k)\"
> . 1 Qi 24D
— 3" 3 3

2 3 - 3. n 3 X
= —— — —1 — —k.
510 75710
Exercise 4.105. Use the sequence of partial sums to show that the following series

. . 00 1+i—k. 00 1
is convergent: (a) )", ;,;’,1 ;oY T
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Setting a = 1y, the equality in (4.3) becomes
(g—p) ' '=lu+p+p+p +-. (4.4)
Replacing the symbol p by —p in the previous equality, we get a similar result:
g+p)'=lg—p+p*—p*+--.
Analogous to (4.3), the last equality is also valid for |p| < 1 since | — p| = |p|.

Now let a = 1. That is to say, (4.2) gives us the sum of the first n terms of the
quaternion series in (4.4):

a—p)la—p) ' =lu+p+p +p +-+p""
Ultimately, we obtain the alternative form
a=p) ' =la+p+p’ +p ++p" 7+ p"(u—p) "
Exercise 4.106. Let p = i + 1 j. Compute (1z — p)™".

Solution. Since |p| = TZ < 1,wehave (g — p)~! = Iy + %i + %j + (%i +

2+

We proceed by discussing important results about convergence and divergence of
infinite quaternion series. We advice the reader that, while studying the convergence
or divergence of a given quaternion series, he should also state by which test you
are drawing your conclusions.

44 A Necessary Condition for Convergence

If the series Z;O:I pn converges, then lim, . p, = Op. Indeed, let S' denote the
sum of the series. Then S, — S and S,—; — S as n tends to infinity. By taking the
limit of both sides of S, — S,—1 = p, as n — oo we obtain the desired conclusion.

Example. The condition above is necessary, but not sufficient: it is possible that
lim;,— o0 pn = Op, but Z;’il pn diverges. Take for example

11, 1 1
{pn}=q—+—-i+—j+—k¢.
n n n n

It is easily seen that lim,, -, p, = O, but Z;’il pn is divergent.
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4,5 The nth Term Test for Divergence

If lim, 00 p, 7# Om or if the limit does not exist, then Z:o=1 pn diverges. For
example, the quaternion series

oo

n?>+i+n*j —nk
> o

n=

diverges since, obviously,

. n2+i+n2j—nk
lim

n—o00 n2

=1+j # On.

Nevertheless, the term test cannot prove by itself that a quaternion series converges.
We saw above that even if lim,— p, = Og the series Z,fil pn may or may not
converge. In other words, if lim, . p, = Og, the test is inconclusive; the reader
must use another test to determine the convergence or divergence of the series.

Exercise 4.107. Let{p,} = {nll + nlli + nll] + nllk} Prove that the series Y .| Pn
is divergent whenever | € (0, 1).

4,6 Absolute and Conditional Convergence of a Quaternion
Series

An infinite quaternion series Y -, p, is said to be absolutely convergent if the
series Y 2 | | pu| converges. An infinite series Y .- | p, is said to be conditionally
convergent if it converges, but > - | | p,| diverges. We further assume the reader to
be familiar with the fact if |p,| < C|qg,| for all n (C is some number independent
of n), then

(i) If 302, |gn| converges, then Y 2 | | pu| converges;

(i) If Y02, | pal diverges, then > o2 | |g,| diverges.

Example. Consider the quaternion series Y oo G Ainj )t

. A direct compu-

n=1 2n n2+3
tation shows that
o0 . . o0 o0
D" (1—-i- k)"
P e S D D
= n n2+3 = n2+3 = n?

Since Y o2, n% is a convergent series, according to the above discussion we

conclude that the given series is absolutely convergent.

Exercise 4.108. Let {p,} = {ﬁ %

Convergent.

}. Prove that ¥ 2 | p, is absolutely
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Exercise 4.109. Let {p,} = {%(1’ — j) — k}. Does the series Y 02 py
converge? Does it converge absolutely? Justify your answer:

Solution. It converges, but does not converge absolutely.

Exercise 4.110. Let {p,} = {(—1)”%}. Does Y o2, pu converge absolutely, con-
verge conditionally, or diverge? Justify your answer.

Solution. It converges conditionally.

Next we introduce two of the most frequently used tests for convergence of
infinite quaternion series.

4.7 Root Test

Suppose Y o2, py is a quaternion series such that

Jim sup /| py| = Li. 4.5)

(i) If L; < 1, the series converges absolutely;

(i) If L; > 1 or L1 = oo, the series diverges;
(iii) If L; = 1, the test is inconclusive.
For simplicity we shall prove Statements (i) and (ii) only. The verification of
Statement (iii) is left to the reader. To prove (i) we take a real number /; such that
Ly < I} < 1. Then a natural number N can be found such that {/|p,| < [; for
n > N. Having chosen such a /;, the terms of the series Y .-, | p,| are bounded
from above by the terms of the real geometric series > ., /1, and this means that
our series converges absolutely. If we have in (ii) L; > 1, then we have infinitely
many indices n such that {/|p,| > 1 (resp. |p,| > 1), implying the divergence of
the series.

Example. Let {p,} = {e™" + e72"i + e j + e *'k}. Study the convergence of
the series ) v | p, using the root test.

Solution. A direct computation shows that
lim sup V/|p.| < 272 < 1.
n—-o0

Hence, Y .2, p, converges absolutely.
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Exercise 4.111. Using the root test, determine whether the quaternion series

Z:il W is convergent or divergent.

Solution. Divergent.

4.8 Ratio Test
Suppose Y o2, p, is a series of nonzero quaternion terms such that

Ipn+1|
| Pnl

= L,. (4.6)

limsup,,_, o

(i) For the L; from the root test we have L; < L,, and if L, < 1 the series
converges absolutely;
(i) If L, > 1 or L, = oo, the series diverges;
(iii) If L, = 1, the test is inconclusive.

We notice that instead of writing |p|”+|‘| we may also take the quotient

Pn+1 ‘ It is

assumed above that the terms are different from zero. Take L, < 1, and then choose
L, < I, < 1.Forn > N with a suitable N we have that

|pnl < Llpaail < Glpu—l < -+ < 57V pwl

and, moreover, | p,| < leNl , whence /| p,| <[l

From the last inequahty it follows that L; < L,, and from the first we see that,
up to a factor, our series is bounded above by > 2 | /7. And, by an argument such
as was just used above, we have convergence of the series. For the second part of
the proof take L, > [, > 1. Then |p,+1| > I2| pn| = | pu| for all sufficiently large n.
Hence the absolute values of the generic terms of our series do not converge to zero

and the series diverges.

Example. Let {p,} = {(1 +i + 3j + k)"}. Study the convergence of the series
Y 2| pn using the ratio test.

Solution. A direct computation shows that

| Pnt1]

nl

lim sup =sup|1+i+3j+k|=2\/§>l.

n—>00

Therefore the series Y oo, p, is divergent.

Exercise 4.112. Using the ratio test, determine whether the quaternion series

p— '} n . .
> % is convergent or divergent.

Solution. Divergent.
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4.9 Quaternion Sequences of Bounded Variation

A quaternion sequence {p,} is said to be of bounded variation if > oo | |pyt+1 —
pn|l < oo. An important property is that any quaternion sequence of bounded
variation converges. Indeed, assume that { p,, } is of bounded variation. Givenm < n,
it suffices to observe that p,, — p,, can be written as ZZ:m (pk+1 — pi)- It follows
that [y, — pm| < Y t—, |Pk+1 — px|. By assumption, the sum > 72| | pr+1 — Pk
converges, so the sum on the right-hand side of this inequality can be made
arbitrarily small as m,n — oo. In conclusion, {p,} has the Cauchy property and
hence converges.

Exercise 4.113. Let {p,} = {n% + ﬁi + ﬁ]} Prove that {p,} is a

sequence of bounded variation.

Exercise 4.114. Show that if a quaternion sequence { p,} is of bounded variation,
then lim, o p, exists.

4.10 Dirichlet’s Test

Let {p,} be a sequence of quaternion numbers. Suppose that the partial sums
of the series Y -, p, are uniformly bounded (although the series Y oo | p, may
not converge). Then for any quaternion sequence {g,} of bounded variation that
converges to zero, the series Z;O:I Pnqn converges. To show this, define pyp = Oy
(so that So = Og) and go = Op. Setting m = 0 in the Abel transformation (3.2), we
can write

n n—1
> Pk = Sudn = Y Si(qir1 — i) (CX))
k=1 k=1

We have two assumptions: the first is that the partial sums {S, } are bounded, say by
a constant C, and the second is that the sequence {g, } is of bounded variation and
converges to zero. Since {S,} is bounded and ¢, — Oy as n — oo, it follows that
Syqn — Oy as n — oo. Since |S,| < C for all n and {g,} is of bounded variation,
the series > po | Sk(qk+1 — gx) is absolutely convergent. Indeed,

o0 o0
Y ISk — g0l < €Y lgrar — el < oo
k=1 k=1

Finally, taking n — oo in (4.7) it follows that the series Y ;| pxqx converges and
its sum equals Y 7 | Sk(qk+1 — qk)-
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Example. Let p, = - 1) and g, = ——i — sm( )j . Using Dirichlet’s test, prove
that Y 02, pugn is convergent

Solution. It is easy to see that the partial sums of the series Y o, p, are uniformly
bounded, and {g, } is of bounded variation and converges to zero. By Dirichlet’s test,

> > | Pngn converges.

Exercise 4.115. Let p, = {;5 + (=1)" i} and ¢, = {Z'5i +

> o | Pngn is convergent.

2+2k} Show that

4,11 Alternating Series Test

If {p,} is a quaternion sequence of bounded variation that converges to zero, then
the series Y oo (—1)" p, converges. Indeed, since the partial sums of Y oo, (—1)"
are bounded and {p,} is of bounded variation and converges to zero, the series
3> (=1)" p, converges by the Dirichlet test.

Exercise 4.116. Prove that the series Z;il(_l)n(,%zi - #] + ﬁk) and

Z:ozl(—l)n(%i — ﬁ] + #k) are convergent.

Exercise 4.117. Prove that the series Y o 1( ) is divergent.

4,12 Abel’s Test

Let {p,} be a sequence of quaternion numbers. Suppose that > > | p, converges.
Then for any quaternion sequence {g,} of bounded variation, the series Y o | pugn
converges.

By Abel’s transformation (3.2), for m < n one has that

> Pk = Sudn — Snm — Zsk(‘Ik—H qk)- (4.8)
k=m+1 k=m

where S, denotes the n-th partial sum of the series Y oo, p,. Let > oo | p, = S.
Note that

n—1
Z Sk(qiet+1 — qi) = Z(Sk —S)(qrr1 =) + S Y (qr+1 — i)
k=m k=m k=m

n—1

= > (Sk = $)(Gr+1 — Gi) + Squ — Sm.

k=m
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Substituting this into (4.8) we conclude that

n n—1
Y pkdgk = (Su—5)gn = (S = S)qm — Y (Sk = S)(qr+1 — qr)-
k=m+1 k=m

Let € > 0. Since the sequence {g,} is of bounded variation, it converges. Since
S, — S asn — oo, it follows in particular that (S, —S)g, — Oy and (S,,—S)gm —
Og. Thus, we can choose N such that for n,m > N, we have |(S, — S)q.| < €/3,
[(Sy — S)gm| < €/3,and |S, — S| < €/3. Thus, for N < m < n, we get

Z Dkqk

k=m-+1

= |(Sn - S)(Inl + |(Sm - S)qml

n—1

+ D 1Sk = ) (g1 — q0)|

k=m

n—1
€ € €
= §+§+§]§nlf1k+1—4k|-

Finally, since Y > |¢s+1 — ¢n| converges, the sum Zz;lm |gk+1 — qx| can be made
less than 1 for N chosen larger if necessary. In conclusion, for N < m < n we have

1> kmms1 PrK| < €

Exercise 4.118. Let {p,}, {q.} be sequences of quaternion numbers and assume
that p, — Oy and % Y i1 klgi+1 — qr| = Om as n — oo, and that for some real
constant C, we have |% Y i pk| < C for all n. Prove that % Y k=1 Pkqk — Om
asn — oo.

We continue our investigation of quaternion power series, and provide some tests
that determine whether a series is convergent or divergent.
4.13 Quaternion Power Series

An infinite series of the form
o0
Y ap—q) =ao+a(p—q) +arp—q)* +-- 4.9)
n=0

where the coefficients a, are quaternion constants, is called a left quaternion power
series in p — q. Analogously, we define a (right) quaternion power series by



4.14 Radius of Convergence 79

Y p—9)a=ar+(p—ar+(p—qla+---. (4.10)
n=0

The power series (4.9) and (4.10) are said to be centered at g; the quaternion point g
is referred to as the center of the series. It is also convenient to define (p —¢q)° = Iy
even when p = g. From now on we only deal with the series (4.9), which for
simplicity we call quaternion power series.

Exercise 4.119. Suppose that p¥ — gV = S"N_ a,(p — q)" holds for all p € H
and N a positive integer. (a) Show that a, = (1’:[ )qN ", (b) Replace in the above

p by the symbol p + q and show that (p + q)" = Zflvzo (]Z) plgN .

4.14 Radius of Convergence

There exists a number R, 0 < R < +o0, called the radius of convergence of the
series (4.9), such that the series converges for all values of p such that |p —¢q| < R
and diverges for all p such that |p — ¢| > R. On the boundary, that is, where
|p — ¢q| = R, the situation is more delicate, as one may have either convergence
or divergence (see the example below). In particular, the power series converges
uniformly in every smaller ball {|p —g| < R —€ : € > 0}. We notice, for future
reference, that the number R may be expressed in terms of the quaternion sequence
{a,} of coefficients of the series as

1 1
= 1 /71
R nlglgosuplaﬂ ,

with the identifications % := oo and % := 0. This is known as the Cauchy-
Hadamard formula for the radius of convergence. The radius of convergence
can be:
(i) R = 0 (in which case (4.9) converges only at its center p = ¢), or
(i) R is a finite positive number (in which case (4.9) converges at all interior points
of the ball |p — ¢g| < R), or

(iii) R = oo (in which case (4.9) converges for all p).

For simplicity, we assume that the series is centered at ¢ = Og. Let R be given
as above, and assume firstly 0 < R < oo. From the definition of R it follows that
for all € > 0 there exists an integer N(¢) > 0, such that |a,|'/" (R — €) < 1 for all

n
n > N(¢). Hence, for these n’s one has that |a, p"| < ( 1@6) . The right-hand side
is the form of a convergent series for | p| < R —2¢, and by comparison we conclude
the uniform convergence of the power series for |p| < R — 2¢. Since € > 0 was

chosen arbitrarily, we have convergence for |p| < R. To prove the divergence for
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|p| > R, we note that we have |a,|'"/"(R + €) > 1 for infinitely many n € N.

n
Therefore, we find |a, || p|" > (leﬂs) . As we can find for every | p| > R an € such

that | p| > R + €, the power series diverges for all p with |p| > R. In particular,
in case R = 0 we conclude as before that the series diverges for all | p| # 0. And
finally for R = oo we have lim, o |a,|"/" = 0; it follows that for all € > 0 and
sufficiently large n, |a, p"| < (¢|p|)". On the right-hand side we have for €|p| < 1
a comparison series that converges for all | p| with sufficiently small .

Example. For which values of p does the quaterion power series Y o ,(—1)"
(p—i+k)"
4" In(n)

converge? What is the radius of convergence?

Solution. By the ratio test (4.6), we have

=t
4+ n(n+1)

s (p— i+ )

(p—i+ k)nH‘ 1 . In(n)
= — lim sup —————
4 n—o0 In(n + 1)

lim sup lp—i+k|

n—>00

1
~|lp—i+kl.
4Ip i + k|

Thus the series converges absolutely for |p — i + k| < 4. The ball of convergence
is |p —i + k| < 4, and the radius of convergence is R = 4. We highlight the fact
that, at p —i + k = —4, the series

) G
= 4"In(n)  “— In(n)
diverges because for n > 2 one has that 1 < m For p —i + k = 4,

o, (=1)" 1; is an alternating series and hence converges. Therefore, the series
n(n)
converges at all points p such that |p —i + k| = 4 exceptat p = —4 +i — k.

n—1

Exercise 4.120. Do the quaternion power series Y v o anp", > vo na, p"~!, and

> }f—ﬁ p" T have the same radius of convergence? Justify your answer.
. . . . 1 .
Solution. They have the same radius of convergence since limn» = lim(n +
1
)n = 1.

Exercise 4.121. Let ) .- a,p" and Y .o, b,p" be power series with radii of
convergence R, and R,, respectively. Assume that there is a positive constant M
such that |a,| < M |b,| for all but finitely many n. Prove that Ry > R,.
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4.15 Theoretical Radius

For a quaternion power series Z:O:() a,(p — q)", the limit (4.6) depends on the
quaternion coefficients a, only. Hence, if
Ian+1| 1

(i) lim ] = L, # 0, the radius of convergenceis R = e
n—oo |a,
Gy tim 1 Z 0 R = oo
n—00 |an|
iy tim 1t — o k=0,

n—o0 |a,|
In case the ratio test fails, or becomes difficult to apply, we can often use the root
test (4.5), which says that R = T sop V]’ provided this limit exists.

Exercise 4.122. Show that if {a,} is a sequence of nonzero quaternion numbers

such that 1im,,—, o0 SUp lanpil L, then lim,—, o0 sup /|a,| = L.

lan |

4,16 The Arithmetic of Quaternion Power Series

We now define certain arithmetic operations on one or more quaternion power
series:

(i) A quaternion power series Y oo a,(p — ¢)" can be multiplied by a nonzero
quaternion constant A without affecting its convergence or divergence;

(i) A quaternion power series Y o, a,(p — q)" converges absolutely within its
ball of convergence. As a consequence, within the ball of convergence the
terms of the series can be rearranged and the rearranged series has the same
sum S as the original series;

(iii) Two quaternion power series Y oo a,(p —¢q)" and > o b,(p — q)" can be
added and subtracted by adding or subtracting like terms, namely:

dap—a) £ bi(p—9)" = (an £ b)) (p—q)".
n=0 n=0

n=0

If both series have the same nonzero radius of convergence R, the radius of

convergence of > oo (a, £ by)(p — q)" is R. If one series has radius of

convergence R; > 0 and the another one has radius of convergence R, > 0,
o0

where R; # R, then the radius of convergence of ) > ((a, £ b,)(p — q)" is
the smaller of the two numbers R; and R».

Exercise 4.123. Let a, be a quaternion sequence such that |a,| > 2" for all n.
What can you say about the radius of convergence of Y ve o an p"?

Solution. Since lim, o0 Sup |a, |# > 2, one has R € Jo.1].
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Exercise 4.124. Suppose the radius of convergence of Y oo a,p" is R. What is
the radius of convergence of each of the following quaternion power series? (a)

Z:o=o n*a,p"; (b Z;io anp®;  (c) Z;io aﬁ r".

Solution. (3) R = —1X——; BR = —L——: (R =
lim, — oo sup |a, |7 limy, — oo sup |a, | 27

1

R EE—
limy, — oo sup |a, | 7

Next we consider infinite products of sequences of quaternion numbers.

4.17 Infinite Products of Quaternion Numbers

If { p,} is a sequence of quaternion numbers, the sequence

n
gnpv} = PkPk+1"""Pn
v=k R

of products is called a(n) (infinite) quaternion right product with the factors p,. In
an analogous way, the sequence

{Hpv§ = DPnPn—1""" Pk
v=k L

of products is called a(n) (infinite) quaternion left product with the factors p,. For
the reader’s convenience, from now on we only deal with the above quaternion right
product, which for simplicity we call quaternion product. It will be simply denoted
by {[T)—y pv}. We write [[2, p,; usually, k = 0 or k = 1. By analogy with
the series, the product is said to converge when the limit of the sequence of partial
products exists (as a finite limit in H)) and is nonzero. Otherwise the product is said
to diverge.

4.18 Absolute and Conditional Convergence of a Quaternion
Product

We say that [[02, p» converges absolutely if ]2, |p,| converges. If 02, pv

converges absolutely, then [ ]2, p, converges, but the converse is false. If [[72, p

converges but [[°2, | p,| does not, then we say that [[2, p, converges condition-

ally.

Example. Investigate the convergence of the quaternion product [[°2, p,, where
1
pn=e?(1+i+j+k).
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Solution. A straightforward computation shows that

oo

ﬁlpnl < 2]_[@%2 < oo.
n=1

Then the product converges, and so it converges absolutely.

Exercise 4.125. Let [[,—, p» be a convergent quaternion product. Prove that

1
00 4 .
[1,=, e p, is convergent.

Exercise 4.126. Let p be a nonnull quaternion. Show that the quaternion product
e, {l - (1 - %)_n p_”} converges for all points p situated outside the unit ball

centered at the origin.

4,19 Advanced Practical Exercises

1. Let {p,} be a sequence of real quaternions such that lim,— p, = p, with
p € H. Show that lim, 00 27" YT (") pm = p.
2. Prove that the series

00
anv Pn = ap + byi +cnj +duyk, au. by, cp.d, €R,

n=1

is convergentif and only if the series Y oo | dn, D v Duy Y ey Cavand Y oo d
are convergent.

3. Let Y o2, py and Y o2, g, be convergent quaternion series. Let also a,b € H.
Prove that the quaternion series Z;’,il(apn + g,b) is convergent.

4. Investigate the convergence and find the sum of the following series:

1 1 1 1
. an L 0
@ ;((Zn—l)(2n+5) Tt Do) TN Ty )

2n +1 1 1 1
i— i+ k).
()Z( 2ari2  an+D)  axhn+2) T arnte )
Hint. Use the previous exercise.

5. Let p be areal quaternion and m a positive integer. Expand (1g— p)™" in powers
of p.
6. Investigate the absolute convergence of the following series:

o

(a) é(% + nl—3i + («/n + arctann® — ﬁ)j + ((n arctan %)n — l)k);
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(b)

“+ L +M(1+tan%)k);

n3 (1 —cos 1)2

1
‘ln cos(tan — —arctan — )
n

S

Mg

1 nsin & a .
© Y (i + i+ (P - 1)e):

( )a .
e () (2 o ) oo i

1 1 Lyn
+( n arctan 2 l—tan— —n” ) ——] +((enl—sinh—) —1)k);
n n

1 1 1y .
—i (1n(1 + tan —) —Incos —)]+
nb

(cos ) — cos (coshl))a (1n ar;tj? )ﬂk).

7. Investigate the convergence of the following series:

]
Il
_

M8
i|~

3
I
-

M8
3~

3
I
-

)

(
(G
(G
(
(=

Mg

—_

A:

oo
0 St ()G

n—1

) i(n(nl_l)+(2 ”+2) Pt g) i+ k)
© Y (n(1+ ) + S+ G~ () )
(
(

n +1(1)",+ 1 .+n+1k)
n\2 «/n—i—lj n?+4

© Z (; i 1)n in(1 + %)’ + 4ZZ!j + (_l)nln(nl+ 1)k>;
5n

® Z((n + 2)”. 4;;1k)'

8. Investlgate the convergence of the following infinite products:

1 11
(a)n]j[(—n(n+5)+z+ﬁj+;k);

1

T
—Y) 0<x < —;
2”cotan2“—n 2
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- 1 1
(e) l:[l<1+arctan o +1‘+ﬁj+n_3k);
%) nlj<1+\/—l (n;]l)n(n l)]+k)
® lj(l b (27:)n) P (Y :—Sﬁk);
00
@) H(ﬁ tit an +1 ;mnk);
€y ,,Ell(l + ((3’_?"1;; |+ \;ﬁ sin 1] + tan \/lﬁnlak), o > 0;
i) nl:[l(n +4n +1 3 inz g');JJrk);
® ﬁ«;:i) %lnl(’;t;)i + (COS Zit ll)nj +k), 1> 0;
) nlj(l + ( ) _—i +arccosﬁj + arccosnzn—j_é;k);
(m) ﬁ(arccotan +aICtan’;3+iz 4 +2n(n1§) k),
n=1
00 - )
o ol 2 0
(0) ]o_o[(1+ (22 —1)).

3
Il
-
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The real exponential and logarithmic functions play an important role in advanced
mathematics, including applications to calculus, differential equations, and complex
analysis. In this chapter we use the properties of quaternions described in the
previous chapters to define and study the quaternionic analogues of these functions.
It turns out that exponential and logarithmic quaternion functions can be defined
because quaternions form a division algebra. To make sense of this, it will be
convenient to define some of their more common properties, which as in the real
and complex cases, should be familiar to the reader.

New aspects come into view when we consider quaternion-valued functions
depending on a quaternion variable, that is, when we study functions whose domain
and range are subsets of the four-dimensional quaternion space. As a first example
we introduce the quaternion exponential function e” for a given real quaternion p,
which has many similarities with the real and complex exponential functions.
We then proceed by introducing the quaternion logarithm In(g), which will be used
to solve exponential equations of the form e” = ¢ for a quaternion ¢. It will be
shown that when ¢ is a fixed nonzero quaternion number there are infinitely many
solutions to the equation e? = ¢q. The principal value of the quaternion logarithm
will be defined to be a single-valued quaternion function whose argument lies in
the interval [0, 7z]. This principal value quaternion function will be shown to be
an inverse function of the quaternion exponential function defined on a suitably
restricted domain of the quaternion space. We will illustrate this point with the aid
of some examples and exercises, since our experience has shown that this approach
is useful for someone who is introduced to the subject for the first time. Further
examples may be found in the exercises at the end of the chapter.

At this stage it is convenient to define some of the more common functions of a
quaternion variable. This, as in the real and complex cases, will be familiar to the
reader.

J.P. Morais et al., Real Quaternionic Calculus Handbook, 87
DOI 10.1007/978-3-0348-0622-0__5, © Springer Basel 2014
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5.1 Quaternion Natural Exponential Function

The function e? defined by

el = e (cos |p| + sgn(p) sin |p|) (5.1)

is called the quaternion natural exponential function, and is defined to be merely
a notational convenience given its similarity with the de Moivre’s formula.! The
number “e” is a mathematical constant, the base of the natural logarithm, and is
known as the Euler number.” When p is a real or complex number, the definition
of e” does naturally yields the usual exponential function of real and complex
numbers. The previous representation is explained in the following calculation. For

this purpose it will be necessary to define e? := ) 72 7—!1. The reader should notice
that this series converges for all p, in analogy to the complex case, since we have
|p!| < |p|' for any quaternion p. Since e!?! converges, the comparison test yields
that e” converges for all p. Clearly, the series expansions

Pl p
Po — 0 P —
el = and eP = E T

converge. It is easy to show that for an arbitrary € > 0 it is always possible to find a
sufficiently large number N such that, forany r, s > N,

=y
Therefore, taking the Cauchy product of e”° and eP one obtains

o R

I=r

(po+p) + p)

Consequently, e?0eP = ¢”°FP := ¢P_ For the remaining term eP, one has, explicitly,

't is not trivial to define the quaternion exponential function. Here, we prefer to do this through a
power series expansion.

1 n
2This constant is defined as the limite = lim (1 + —) .
n—o00 n
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i pl i p2n i p2n+l
[u— +
SN ey = en+ )

o0 o0
p*” p 41 IpPPt!
=) (-D)'——+—=) (D" —0
; @n)! " pl ZZ:O 2n + 1)!

cos |p| + sgn(p) sin [p|.

From the practical point of view, the quaternion exponential function is an example
of one that is defined by specifying its scalar and vectors parts. More precisely,
the scalar and vector parts of e” are, respectively, Sc(e”’) = e cos|p| and
Vec(e?) = e?osgn(p) sin |p|. Thus, the values of this quaternion function are found
by expressing the point p as p =t + xi + yj + zk, and then substituting the values
of £, x, y and z in the given expression. We record now some useful properties of
the quaternion exponential function.

(i) e? # Oy, forall p € H,

(i) e Pel = ly, @7 = 1y
(iii) (e?)" = e€"? forn = 0,+£1,+£2,... (de Moivre’s formula);
(iv) In general e”e? # e”*4, unless p and ¢ commute.
For the proof we consider two arbitrary quaternions p and g. Then Y |2, ‘?—!1 and

! .
>, ‘f—, converge. When p and g commute, the Cauchy product of the series
expansions of e” and e? yields

In particular, e?e™” = e% = 1y, so that e? # Oy for all p € H. Indeed, by
induction, (e?)" = e"?, where n is any positive or negative integer. For the last
statement, take for example e™ ™/ = (—1)(—1) = Iy, and e™ T = cos(w+/2) +

% sin(+/2) # 1.

Exercise 5.127. Find the values of the quaternion exponential function e? at the
following points: (@) p = lg;, ) p=i+j+k ©p=>UA—-i+j);
p=0—i+k(-i+Li-1jy
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Solution. (a)e; (b)cos~/3 + ’+’ +k sinv/3; () cos(11+/2) + =L sm(ll\/_)
(d)if n = 2/ then e? = e ,andlfn =2] + 1, thene” = cos 1 +l( 1)! sin 1.

. I
Exercise 5.128. Compute 372, ¢ ]”+k) .

Solution. e'—Jtk,

Exercise 5.129. Is the quaternion exponential function periodic?

Example. Show that the usual limit representation is valid for the quaternion
n

natural exponential function: e” = lim, o (1 + f) , for any quaternion p.

Solution. Let p = a + bi + ¢j + dk, where a, b, c,d € R. Hence

p a b, c¢. d
l+==14+—-+—-i+—j+—k
n n o n n n

Making use of the polar form of a quaternion (1.4) we obtain

o)

2a  a’>+b>+cr+d>\5
= (1 + — + 5 ) cos | n arccos
n n

a
1+ o
2 2 "2 2
1 Znu a’+b n+2c +d

bi+cji+dk 1+¢
+ ﬁ sin | n arccos — >
b2+c2+d \/1+2’l_a+a+b;l|-zc+d
Then

" P 2224 g2\
lim(1+£>zlim(1+—a+a+ Ter ) x
n—o00 n n—00 n n

a
1+;
2 2402 2
1 2na a?+b*+c*+d

n

X | COS | n arccos

bi+cj+dk 1+ ¢
sSin | n arccos

_l’_ A —
Vb?+c? 4 d? \/1 +2 g a2+b2;r2c2+d2
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Straightforward computations show that

144
lim » arccos a = Vb2 4+ 2+ 42

n—>00 \/1 T a2+b2;r2c2+d2
and
lim (1+2—a+ az+b2+c2+d2)g = e,
n—00 n n2
Consequently

n bi i +dk
lim (1+£) = e (cos \/bz—l—cz—l—dz—l—Lsin \/bz—i-cz—i-dz)
n—oo n /b2+02+d2

= e?,

Exercise 5.130. Compute e+ + (p—,q+) +[p,q]—2q-3p+ +2q+), where p =
1 4+2i—j—kandg=1—i—j +k.

Solution. py = 3i —3j,p-=1+%i+1j—kgr =14k g-=—i—],

ert = cos(3L2) + (Li — L j)sin(3L2), (p-.q+) = —i +2k, [p.q] = —1 +
3i — j + 3k, 29-(3p+ + 2q4) = —8i + 18k, —1 + cos(3L2) + (L2 sin(2L2) +
10)i — (L sin(32) + 1)/ — 13k.

Exercise 5.131. Compute the quaternion limit lim,_.qy ﬁ.

Solution. 1y.

5.2  Modulus, Argument, and Conjugate of the Quaternion
Exponential Function

The modulus, argument, and conjugate of the quaternion exponential function are
easily determined from (5.1). To do this, we start by expressing the quaternion w =

e? in polar form, with a quaternion modulus and an argument: w = |w| (cos 0 +

sgn(w) sin 9). Now one can easily see that |w| = e?° and 6 = |p| + 2nn, forn =

0,£1,+£2,.... Since |w| = |e”| and 6 is an argument of w, we have: |e”| = e/
and arg(e?) = |p| + 27wn,n = 0,£1, 12, .... For the conjugate of the quaternion
function e? a formula is found using properties of the real cosine and sine functions:

e7 = e (cos [p| - sgn(p) sin |p|)

= ¢ (cos| — p| — sgn(p) sin| — p
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— 5 (COS [p| + sgn(p) sin II_)I)
= eF.

Exercise 5.132. Write the given expression in terms of t, x, y and z: (a) (i + j +
Ker; 0”7 (@uarg(p+ ) (e (@) el

Exercise 5.133. Evaluate |e”| and show that |e?| < e!?! for any real quaternion p.
In addition, verify the validity of the following inequalities: (a) For all p € H, we
have |e? — 1g| < el? — 1 < |ple!?l;  (b) Forall p € H with |p| < 1, we have
le? — 1u| < 2|p|.

In the following we introduce the quaternion natural logarithm function In(p),
which is motivated by the need to define the “inverse” of the quaternion natural
exponential function e”. More precisely, we define In(p) to be any quaternion
number such that ™ = p and In(e?) = p. This is too much to hope for. We shall
discuss this matter in further detail in the remainder of the section.

5.3  Quaternion Natural Logarithm Function

The quaternion natural logarithm function In(p) is given by

In(p) := log, | p| + sgn(p) arg(p). (5.2)

Here log, | p| is the usual real natural logarithm of the positive number |p| (and
hence is defined unambiguously). This quaternion function is another example
of one that is defined by specifying its scalar and vectors parts. More precisely,
the scalar and vector parts of In(p) are, respectively, Sc(ln(p)) = log, |p|
and Vec(In(p)) = sgn(p) arg(p). Because there are intrinsically infinitely many
arguments of p, it is clear that representation (5.2) gives infinitely many solutions w
to the equation e” = p whenever p is a nonzero quaternion number. By switching to
polar form in (5.2), we obtain the following alternative description of the quaternion
logarithm:

log, | p| + sgn(p) (arccos “;—"I + 27111) ,if |p| # 0,
In(p) =

log, | pol, if [p| =0,

log, [p| + sgn(p) (arctan ',% + Znn) ,if po > 0,

log, [p| + sgn(p) (% + 27n), if po = 0,

where n = 0,41, +2,.... Observe that the different values of In(p) all have
the same scalar part and that their vector parts differ by 2w n. Each value of n
determines what is known as a branch (or sheet), a single-valued component of the
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multiple-valued logarithmic quaternion function. When n = 0, we have a special
situation.

Example. Find all quaternion solutions p to the equation e” = 1.
Solution. For each equation e? = ¢, the set of solutions is given by p = In(g).

Setting ¢ = i we deducethat || = 1andarg(q) = F+2nnforn =0, £1,£2,....
Thus, from representation (5.2) we establish:

4 1
p = In(i) = ("+)”i, n=0+1,+2,....
Therefore, each of the values: p = ...,—77”1',—37”1',11',57”1',... satisfies the

equation e? =1i.

Example. Let p be a real quaternion such that |p| # 0. The following relation
holds:

In(p) = log, |p| + sen(p) arccos I”7°| +27n),

= log, |p| + sgn(p)(z — arcsin 2o + 27rn),
2 g
po | (4n+1)

= log, |p| + sgn(p)(— arcsinm + Tﬁ), n e Z.

Exercise 5.134. Let p = 1—i + j — k. Find In(p).

i—jtkm 4n+1”)

Solution. log, 2 + 75 (e 5

Exercise 5.135. Find two quaternions p and q such that In(pq) # In(p) + In(g).
In addition, find p and q such that In(pq) = In(p) + In(g).

Exercise 5.136. Find all quaternion values of p satisfying the given equation:
@ef =i; e’ =14+i+j+k (¢ e’ = 1;  (d)ert? = 1;
(e)e? +e7 P = (—i + j).

Exercise 5.137. Does the relation In(p") = nlIn(p) hold for all nonzero quater-
nion numbers p and all integers n? Justify your answer.

5.4 Limits of the Quaternion Exponential and Logarithm
Functions

Let {p,} be a sequence of elements of H and n € N. The following statements
are valid:
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(1) If lim p, = oo, then lim e” = oo;
n—>oo n—oo :
(i1) Ifnlinc}opn = 00, thennli)ngoeﬂ7 = lg;
(iii) Ifnlingo DPn = 00, then nli)ngo(:tp,,e_]’”) = Og;

In(p,)

@iv) If lim p, = oo, then lim In(p,) = oo and lim = Om;
n—o00 n—o00 n—oo pn
(v) If lim p, = Oy, then lim In(p,) = —o0;
n—>00 n—>o00
(vi) If lim p, = p, then lim In(p,) = In(p);
n—o0 n—oo
(vii) If lim p, = oo, then lim p,“In(p,) = Ox (a > 0).
n—o00 n—o00
Exercise 5.138. Prove the above properties.
Exercise 5.139. Let {p,} = {n — ni + nj + nk}. Compute the follow-
1
ing limits: (a) lim,_ oo ePr; (b) lim,eoern; (©) limy—oo(Epye™Pr);
(d) lim; o In(p,); () lim, 00 ln;_]nz,,); () lim, 00 P,,_3 In(py).

Solution. (a) oo; (B)O;  (¢)Om;  (d)oo; (&) O (f) Op.

Exercise 5.140. Let {p,} = {3 — —5i 4+ —5k}. Compute the following limits:

(@) lim, o0 In(py);  (b) lim, .0 €.

Solution. (a) —oo; (b) 1.

Exercise 5.141. Let {p,} = {n”? — nf;i + 2:;:;1«}. Compute the following

limits: (a) lim, o0 In(p,);  (b) lim, o0 e”n.

Solution. (a)In(1 —i + 2k); (b)e!=T2,

5.5  Principal Value of a Quaternion Natural Logarithm
Function

If we wish to work with single-valued branches of In(p), it is more satisfactory
to restrict arg(p) to its principal value Arg(p). This yields the principal branch or
principal value of the quaternion logarithm,® denoted by the symbol Ln(p), and
defined as

Ln(p) :=log, | p| + sgn(p) Arg(p).

3The branch corresponding to n = 0 is known as the principal branch, therefore the values that the
function takes along this branch are known as principal values.
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It is therefore perfectly legitimate to write the principal value of the quaternion
logarithm as: Ln(p) = log, | p| + sgn(p) 8, where 0 is the quaternion argument of
p such that 6 € [0, «].

The principal value of the quaternion logarithm function retains the following
properties:

(i) Ln(1) =0,Ln(i) = 5i,Ln(j) = 7j, and Ln(k) = Tk;

(i) Ln(pg) # Ln(p) + Ln(g) in general, unless p and ¢ commute;
(iii) Ln(p") = nLn(p),forn =0,+1,+£2,... (de Moivre’s formula);
@iv) For|p| =1, |Ln(p)| =< |p| =1+ m;
(v) For|p| = 1, [Ln(p)] = T3 P 47 ne N,
A detailed verification of Properties (i) and (iii) is left to the reader. For (ii), p = i,
q = J; then take for example Ln(ij) = Ln(k) = Zk, but Ln(i) + Ln(j) =
7 (i + J). For the proof of (iv), a straightforward computation shows that

[ILn(p)| < [log, (1 + [p| = )| + [sgn(p) Arg(p)]
<|p|—-1+n.

The last step follows from the standard inequality In(1 + x) < x for every x > 0.
The proof of (v) is a consequence of the classical inequality

2n—1 k
In(1 + x) < Z(—l)k“%,
k=1
which holds for every x > 0.

Exercise 5.142. Find all values of the quaternion natural logarithm function at the
given point: (a) p = Ln(1); (b) p =Ln(2j —5k); p = Ln(e").

Solution. (a) 0g;  (b) log, v/29 + ZQ‘Z%kg; ©)i.

Exercise 5.143. Prove the following relations: (a) Ln(—3) = 2Ln(i + j + k);
(b) 3Ln(i +j +k) = Ln(—3i —3j —3k); (c)Ln(9i+9j +9k) = 5Ln(i +j +k).

Exercise 5.144. Let p be an arbitrary real quaternion. Prove the validity of
the following statements: (a) Ln(—p) = Ln(p); (b) Ln((—p)?) = 2Ln(p);
(¢) Ln(5) = —Ln(p).

Exercise 5.145. Show that § — % < |Ln(v/3+i + j + k)| <1+ Z.

Exercise 5.146. Prove that the principal value of the quaternion logarithm satisfies
the following estimates:
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1
11— — — arctanM < [Ln(p)| < |p| -1+ arctanM

Pl [Pl — | pol’

for any quaternion p.

Exercise 5.147. Let p = i — j + k. Prove that: (a) |Ln(p)| < 4+/3 — % + 7
(b) [Ln(p)| < V3 —1+m.

Exercise 5.148. Let p be an arbitrary real quaternion such that |p| > 2. Prove
that |Ln(p +i)] < Y7 "’I + 7.

5.6 Thelnverse of the Quaternion Natural Logarithm Function

At this stage we return to the principle mentioned at the beginning of the chapter.
Since Ln(p) is one of the values of the quaternion logarithm In(p), (5.2) indicates
that e""”) = p, and Ln(e”) = p for all nonzero quaternions p in the so-called
fundamental region: 0 < py < 400 and |p| < 7. This suggests that the quaternion
function Ln(p) plays the role of an inverse function for the exponential quaternion
function e”. To justify this claim, observe that |e”| = e and arg(e?) = |p| +
2nn, forn = 0,£1,%2,.... Since p is in the fundamental region, it is clear that
Arg(e?) = |p|. Obviously,

(P — plog. [pl+sen(p) Arg(p)

Ipl

COSs arccos + sgn(p) sin arccos 2
p gn(p
|P| |P |

Ipl{—+ sgn (p)m} = p.
V4 V4

To prove the other relation, note that

elOge [p| ehgn(l’) dl’CCos( )

Ln(e?) = Ln {e”" (cos |p| + sgn(p) sin |p|)}

e” cos |p|)

= log, (e”) + sgn(p) arccos (
epPo

_P0+H|P| = p.

The next example shows that there exists a real quaternion p such that e™?) = p,
but Ln(e?) = p only holds if p is in the fundamental region 0 < py < +oo and
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|p| < 7. For the quaternion p = mk, which is clearly not in the fundamental region,
we have: eM76) = eloge 17l — 7k but Ln(e™) = Ln(—1) = Oy.

Exercise 5.149. Compute the principal value of the quaternion logarithm Ln(p)
for: @ p = (i = GR);  ©) p=(i+j+keTIT (©p=(ele)*n.

Solution. (a) log, v/2 + i%Z;  (b) log,+/3 + (i + j + k)arccos(—sin+/3);

(c)—%%-

If z := x + iy is a complex variable then one express z* with o a complex
number, for example, as e*'"@_ Let us see whether a corresponding statement using
the exponential and logarithm quaternion functions holds true.

5.7 Quaternion Power Function

If g is a real quaternion and p # Op, then the quaternion power function p? is
defined to be:

pl =P, (5.3)

This definition certainly holds for ¢ = Op, so only the case of nonvanishing g has
to be considered. The multiple-valuedness of arg(p) implies that p? may assume an
infinite number of values. Depending on ¢ the quaternion power function will have
either one, finitely many, or infinitely many values: if ¢ = n is an integer, then p”
assumes one value only. If ¢ = 7 is a rational number, where a and b are coprime,
then pb = |p|bes @M has a finite number of values. If ¢ is a nonzero real
quaternion, then p? always has an infinite number of values.

Quaternion powers satisfy the following properties:
1 (p?)' = p"iforn =0,%+1,%2,..;
(i) p9 p® # p91+42 in general, unless In(p)g; and In(p)g, commute.

: _ 2
Example. Let p be a pure quaternion and ¢ = 5. We set
ot = [pliemm (3 H2m)]
4 4
= |p|% cos(z + —mn) + sgn(p) sin(Z +-mn)| (m=0,1).
33 33
Exercise 5.150. Let p and q be two real quaternions such that |p| # 0, and

A= qolog, |p| — —(—arcsin— +

Pq Po (4n + 1))
Ip| |p] 2 ’
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4 1
B := |—p|(—arcsin&+n nt )qo
p

|pl 2
4 1
+ log, |plq + w(—arcsin& b )
Ip| |l 2

for n € Z. Show that
pl = e (cos | B| + sgn(B) sin |B|).

Exercise 5.151. For any nonzero real quaternion p, evaluate p°¥.
Exercise 5.152. Calculate all possible values of i'.
Solution. e™73.
We next turn to some of the more common properties of the above-mentioned

elementary quaternion functions, which as in the real and complex cases, should be
familiar to the reader.

5.8 General Properties of the Quaternion Power Function
Let p € H,and {p,}*_, (k € N) asequence of elements of H. Forn € N we have:
() tim n(yp—1) =log, |pl;
2 B AN _
i 1 (S = v
1< n
i i (137’ =

Using the previous definitions, a straightforward computation shows that

1
Jp = en 1oz 17! [Cos);sgn(p)arg(p)‘

+ sgn(%Sgn(p)arg(p)) sin‘ %Sgn(p)arg(p) H

= oz 7l [cos’%@‘ + sgn(p) sin’%@” .

This yields

1
enog. 1pl [cos

argn(p ) ‘ + sgn(p) sin

o]
n

lim n(g/ﬁ—l) = lim

n—-o00 n—>o0 l
n

= log, |p|.
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For the proof of (ii), one obviously has

l—i—(’/ﬁzl_i_n((/ﬁ—l)'

2 2n

Hence, in accordance with the previous result,

n—>00 n—>00

For Property (iii), we clearly have
k
FX v =g e (vm)|
v=1

and, as the above discussion shows,

k k k
Y ["Z(W - 1)] = £ 2 ton il = log, !

v=1

With these calculations at hand, we set

k
(L5 R = T
v=1

n—o0

Example. Prove that lim,— o 2n< D+ P )

Solution. Direct computations show that

P = ¢ oz I7] I:cos‘—arg(zp) ’ + sgn(p) Sin‘ arg(zp) ’:| ,
n n

ar ar
g = enl3 log lgl [cos‘ —igq) ‘ + sgn(p) sin‘ igq) ‘:| .
It follows that

lim n(”i/ﬁ— 1) =0y and lim n("f/_— 1) = Op.

n—o0 n—>oo

lim (H*/_) 11m(1+@)nzewz\/m

929
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Consequently,

n

(v7+ %) n(vp=1) +n(va-1)

i S = i |1+ 5
= lg.

Exercise 5.153. Prove that: 1
(@ lim n((V3 =i+ j+k)» —1) =log, 2;
n—oo .
1 340+ +k)iyn
+(\/_+;+j+ ) ) _ 5
1 L\
(V3+i+j+7 +(B+i+]+k)r)

(¢) lim = lg.
n—00 on

o

Exercise 5.154. Let {p,} and {q,} (n € N) be two sequences of elements of H such
that lim, o0 py = p and lim, . ¢, = q. Prove that

1 n
lim (/s + /) = Viplldl.

n—o0 2N

5.9 Principal Value of a Quaternion Power Function

We can assign a unique value to p? by using the principal value of the quaternion
logarithm Ln(p) instead of In(p). This particular value is called the principal value
of the quaternion power function p9, and is defined by

pl = e,

Exercise 5.155. Find the principal value of the given quaternion powers: (a) i';
i, @ik (A + k)T

e

Solution. (a)e~2; (b)k; (¢)—j; (d) e‘”#.

Exercise 5.156. Let o be a real number. Under what circumstances does the
property p*q® = (pq)* hold for quaternion numbers? And, does the property
p*q® = (pq)* hold for the principal value of a quaternion power?

5.10 Advanced Practical Exercises

1. Compute e’ where (@) p=1—i+j; O®yp=2+4+i—j; (@©p=i-—k;
Dp=i; @p=j;, Op=k
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2. Prove the validity of the following relations:

1+k 1+k _; 1=k 1—k

Ak 14k , ,
e EE =y g iR = I s g it = e
-k 1—k A+ 1+ 1 1—j
@t =t L = Lk gL = Ik
2 2 2 2 2 2
1+ 14 -k 11—k . i 140
ML =Tk @ iE = ey @) = L
2 2 2 2
=i 1—i i 4P d—i 1-i
(10) e’—zl = zle’; (11) e_’—;l = —zi_le_’; (12) e_’—zl = zle_';
-1 1 1 1 1= 1—i 1 1 .
amy el LEL I e gy 1D 1Tk gy i LA t
2 2 2 2 2
A=) 1—j A+k 14k 1—k 11—k _,
a6yl L 1 i gy i LR TR G gy e = i
2 2 2 2 2 2
1—k 1—k 1+k 1+k 1+i  14i
(19) ¢k = o o)k LK LK ko gy LD T
2 2 2 2 2 2
1—i 1—i _; 1+ 14/ _ 1—j 1-
P2 Y e e PR E) Pl A B VAP et A el
2 2 2 2 2 2
A4 14 A+k 14k A=) 1—j
P A A e o SR e o, AU e s Y PO AP el S Sl S
2 2 2 2 2 2
-k 1—k _, A= 1= 4 14
(28) e —— = el (29) e/ 7J _]e_]; (30) e~/ I+ - le_];
2 2 2 2 2 2
i 1+ A4k 14k _, =i 1—i
(31) e/ t+i = $€k; (32) e/ L = Le—l; (33) e/ ! = _le—k;
2 2 2 2 2 2
-k 1—k _, 14+i  1+4i 1—i 1—i ;
e K S LK i sy et L S g et 2L S L,
2 2 2 2 2
1+ 14/, 1—j 1- 1—k 1—k
Gne it L I i gyt 2L S LT i (39) 12K et
2 2 2 2 2
(40) e_ku = l+ke_k.

2

3. Let p = a1 + byi +c1j +dik and g = ay + byi + ¢2j + drk, where
aj, by, c;,d; € R (I = 1,2). Prove the validity of the following relations:

1) e—:’(mz)ﬂ = ﬂej(p'q). ) ei(p'q)ﬂ = ﬂe—j(pvq).
2 ’ 2 2 ’
(3) e~ i) -k — 1- ke—j(p'q). (4) PUC)) 1-k _ 1— kej(p-q).
2 2 ’ ) ) ;
(5) ei(m)ﬂ = ﬂek(m). (6) ei(pvq)u — 1-J e ka).
2 2 ’ B B ;

) ei(m)ﬂ = ﬂek(p'q); (8) ! P0) -k = - kej(qu);
2 2 2

2




1+
2
1+

9) el

(11) e 1)
(13) e/ (P4
(15) /P9

(17
1-k

19) k(9 —
(19) 00 =

(21) ek

(23) ektra) i =
2

(25) e~ i (pa) i
2

(27) =P D) 1=J
2

(29) ¢~/ (P9 1-Jj_
2

1+

(31) e~ /P D)

. 1—1
33) /P __°
(33) 00—

(35) e~k li =
2

(37) e *P9)

11—k

39) e kpa) _ = —
(39) e

. Leta,b € R. Prove that e_i(“qcb)liTk =
. Leta,b € Rand p = e7'“e™/*. Prove that py = e~/ 01tk

—i(a+b) 1=k
e 5 -

. Compute (a) pg =7 +e" + [p.4ql;
q + arg(r)p + e?,

y 1+ _
2

l+j_
=

e/ (P9 ﬂ —
2

L+i
- =

1+7
2
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_ 1+ iei(pvq); (10) ei(zrq)i — iei(p'q);
2 2
LH i, (1) =01 20 Z 170 i),
2 2
1+i e—k(p~q); (14) /(P9 1—i — iek(ﬂ't]);
2 2
I+J eI PD: (16) ej(p'q)l —J — 1-J el ra),
2 2
1+ kei(p'q); (18) e/’(ﬂ'l])ﬂ - ﬂe—i(ﬂ'l]);
2 2 2
L=k ko, () b0 LHE _ 1HK i,
2 2 2
LEiwo, 22y kol 28 Z 120 i,
2 2 2
1+J eTIPD.(24) kD) 1-J — 1-J el (P,
2 2 2
_1+J e H ). (26) I ﬂeﬂm);
2 2 2
_ 1—j kP, (28) e~ (P9 1 -k — 1- ke—j(p'q);
2 2
1-J e/ (30) e—j(p'q)ﬂ = ﬂe—j(w);
2 2 2
— 1+ iek(p'q); (32) e—i(m)ﬂ = ﬂe—i(w);
2 2
_ 1 _ie—k(zrq); (34) e—i(m)ﬂ = ﬂe—j(p'q);
2 2
L o, 6y el =1 _ 121 oo,
2 2
_ M ee, a8y ekl =L _ 12 i,
2 2
1 ;ke—k(p'q); (40) e—k(p'q)# - #e—k(l"‘ﬁ‘

lzé:ke—i(b:Fu).

and p_

) g—pr+p-q—(p.q)+e"; () p—

where p=14+i+j,q=1i+k,andr = j + k.
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7.

8.

9.

10.

11.

12.

13.

14.
15.

16.
17.

18.
19.

20.
21.

Compute In(p) where (a) p = 1+i+j+k;, bO)Yp=i; (@©p=7];
Dp—k; @p=i+j;, Op=i+k; @p=j+k.

Find the first and second matrix representation of In(p) if (a) p = 1 —i —j +k;
b p=2-3i++3j; ©p=1+k.

Compute (a) In(p) + arg(¢) In(r) + [p.g] — p - r; (b) In(g) — (p.r);
(¢) In(p) —In(q) + [p,g +7r], where p = 1 —i + j —k,q =i+ j, and
r=i-+k.

Let p be a real quaternion such that |p| # 0 and py > 0. Prove that

In(p) = log, |p| + sgn(p) (arcsin % + Znn), neZr.
4

Let p be a real quaternion such that [p| # 0 and py < 0. Prove that

In(p) = log, |p| + sgn(p) ((2n + 1)z — arcsin M) n € Z.

[Pl

Let p be a real quaternion such that |p| # 0 and py < 0. Prove that

In(p) = log, |p| + sgn(p)((Zn + 1) + arctan %) n € Z.

Let p be a real quaternion such that [p| # 0 and py > 0. Prove that

In(p) = log, |p| + sgn(p)(arctanﬂ + 2nn) n €Z.

Compute(a)(l—ki)z; (b)(l—i'—j+k)'4;' ©A+i+] +k)'O. .
Compute (a) 2!/ 7+, (b) 31715 () 47H/HK () e!ts (o) e! T
(f) el+i+j+k.

Compute (2)i/;  (0)i*; (©)j*5 (DGE+)* (@ G+k); (G +k).
Find the first matrix representation of the following quaternion

FA4+i—p+2—i =3 +k+T[i +j.i—]].
Computejk1 ik
Let p = a; +b1l +c1j +dik,q = ay + byi + c2j + dok, where ay, by, ¢,
deR(=1,2). Flndpq
Compute A = i/ + j* + ik + k/ + k' + ji.
Let p and ¢ be two real quaternions such that |p| # 0, po > 0, and

A= qolog, |p| — p| |q(arcsm ||p|| + Znn),
B = L(arcsin M + 2nn)qo + log, | plq + Px q(arcsm [Pl + 2nn)
Ip| Pl Ip| Pl
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for n € 7Z. Prove that
pl! = eA(cos | B| + sgn(B) sin |B|)

22. Let p and g be two real quaternions such that |p| # 0, pp < 0, and

A= qolog, |p| — | | ( arcsin% + (2n + l)n),

B = P ( arcsmM + (2n + l)n)qo
Ip| |pl

+ log, |plq + %( arcsin % + 2n + l)n)
P

for n € Z. Prove that
pl = eA(cos | B| + sgn(B) sin |B|)

23. Let p and g be two real quaternions such that |p| # 0, po < 0, and

P q( |p|

A= qylog, |p| — D] arctan— + (2n + 1)7{)

B = £(arctan M + 2n + l)n)qo
Ipl Po

X
+ log, |plq + p|p|q(arctan Pl + (2n + 1)71)

Po

for n € Z. Prove that
pl = eA(cos | B| + sgn(B) sin |B|).
24. Let p and g be two real quaternions such that |p| # 0, po > 0, and

A= qolog, |p| — | | (arccotanﬁ + 2nn)

B = £(alrccotanﬂ + 2nn)q0
Ipl Ipl

PXxXq
+ log, |plq + D] (arccotanﬁ + 2nn)
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for n € Z. Prove that
pl = eA(cos | B| + sgn(B) sin |B|)

25. Let p and g be two real quaternions such that |p| # 0, po > 0, and

A= qolog, |p| - &<arctan Il + 2mr),
Ip| Po
B = L(arctanM + 2nn)q0
p| Po
+ log, [plq + w(arctan Il + 2m),
p| Po

for n € 7Z. Prove that
pl = eA(cos | B| + sgn(B) sinlBl).

26. Let p and g be two real quaternions such that |p| # 0, and

qolog, | p| — ﬁ(alrccos Po + Znn),
Ipl Pl

A

B = L(arccos £o + 2nn)q0
Ipl Pl

pxq (arccos P + Znn),

+ log, |plq + ——
[P

Ip|

for n € Z. Prove that

pl = eA(cos |B| + sgn(B) sin|B|).



In this chapter we define quaternion trigonometric functions. Analogously to the
quaternion functions e? and In(p), these functions will agree with their counterparts
for real and complex input. In addition, we will show that the quaternion trigonomet-
ric functions satisfy many of the same identities the real and complex trigonometric
functions do. We further note that some identities will be used in the calculus of
these quaternion functions without previous introduction. Even though our aim is to
smooth the path for the reader who wishes to gain an understanding of these results
in quaternion trigonometry, we still include complete proofs of such identities in
this introductory exposition.

With the help of the exponential function (5.1), quaternionic analogues of the
trigonometric functions can be introduced.

6.1 Quaternion Sine and Cosine Functions

The functions sin(p) and cos(p) defined respectively by

| _% sgn(p) (ePsgn(P) — e_psg“(p)), if |p| # 0
sin(p) :={ i
sin(po), iflpl =0
% (epsgn(P) + e_psg“(p)), if |p| #0
cos(p) := ;
cos(po), it |pf =0

are called the quaternion sine and cosine functions. It is clear that the quaternion
trigonometric functions are natural generalizations of the conventional ones we are
familiar with in the real and complex settings. Of course another way of defining
the sine and cosine quaternion functions would be via their power series. This leads
to the alternative definitions,

J.P. Morais et al., Real Quaternionic Calculus Handbook, 107
DOI 10.1007/978-3-0348-0622-0_6, © Springer Basel 2014
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in €D i g V'
p) = 2(214—1)' and cos(p) = Z (21)' .

If we write down the series for e*72"®) one can easily verify that both approaches
yield the same quaternion function. The proof is left to the reader as an exercise.

Exercise 6.157. Let p be a real quaternion. Prove the validity of the trigonometric
identities: (a) cos(p) = cos(p), (b)sin(p) = —sin(p).

Exercise 6.158. Compute the following quaternion power series:
1 . 1 .
@) X520 &+ + )P (0) 2 G i~ — k).

Solution. (a)sin(i + j + k); (b)cos(1 —i — j —k).
Example. Let p =1+ i + j + k. Compute cos(p).

Solution. First note that |p| = +/3 and sgn(p) = «/Lg(i + j + k). A straightforward
computation shows that

i
pEpsm® _ ,FV3 (cos(l) + % sin(l)) .

It follows that!

l+]+

v

Exercise 6.159. Compute the value of the given quaternion trigonometric function:
(@ sin(1 +i 4+ j +k); (b)sin(=2i + j); (c) cos(i/ — ji); (d) sin(k) —
7sin(i + j)cos(j + k), (e)sin(cos(—i + 3k)).

cos(1+1i+ j + k) =cos(l) cosh(«/g) sin(1) smh(\/_)

Solution. (a)sin(1 +i + j +k) = —sin I sinh v/3 + %(f +j+k); (b

M5 sinh /5(=2i + j);  (c) ksinh1;  (d) =22 sinh(2v/2)(i + j) + ksinh I;
(e) sin(sinh +/10).

'If ¢ is a real variable, then the real hyperbolic sine and cosine functions are defined using the real
exponential function as follows:

el —_ e—t et + e—l

sinh(z) = and cosh(t) = 5
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6.2  Trigonometric Identities

The usual identities, such as sin(p) = — sin(—p) and cos(p) = cos(—p), hold here
as well. This follows from the previous definitions and properties of the quaternion
exponential function. We may then ask whether or not other familiar identities
for real and complex trigonometric functions hold in a quaternionic context. A
straightforward computation shows that for sin*(p) + cos?(p) = 1y the answer
is yes. To get a handle on the proof, we first derive the relations

psgn(p) = posgn(p) + psgn(p)

—Ipl + posgn(p)
and

po sgn(p)
[ Pol

We can go one step further and deduce the identities

sgn (po sgn(p)) = = sgn(po) sgn(p).

ePsen® — ,—Ipl,posen(p)

= ¢7l(cos(po) + sen(p) sin(po) ).
from which it follows that

sin(p) = sin(po) cos(p) + cos(po) sin(p),
cos(p) = cos(po) cos(p) — sin(po) sin(p).

The rest of the proof can be done without too much difficulty by computation and is
left as an exercise for the reader. Let us now give up an example. Take p =i + j;
then sin®(i + j) + cos?(i + j) = % sinh?(+/2) + cosh?(v/2) = 1g. However,
one has to pay attention to the fact that in general the quaternion trigonometric
functions do not satisfy the sum and difference formulae sin(p +¢) = sin pcosg £
cos psing and cos(p=£q) = cos p cos ¢ Fsin p sing, since sgn (p + q) is not linear
in p and q, respectively; a fact that often leads to complications. Take for example
p =i+ j;thensin(@ + j) = % sinh(v/2) # (i + j)sinh(1)cosh(l) =
sin(i) cos(j) + cos(i) sin(j). Similarly to the complex case, it is also important to
realize that some other properties of the real trigonometric functions are not satisfied
by their quaternionic counterparts. For example, while | sin(z)| < 1 and | cos(?)| <1
for all real ¢, note that | sin(i + j)| ~ 1.935 > 1 and |cos(i + j)| ~ 2.178 > 1.

Exercise 6.160. Let p € H \ {On}, posgn(p) = —i — j — k, and psgn(p) =
—1—i—j —k. Find|p|
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Solution. |p| = 1.

Exercise 6.161. Ler p € H \ {Oug}, and sgn(po)sgn(p) = i + j + k. Find
sgn(posgn(p)).

Solution. i + j + k.
Exercise 6.162. Find ann € N such that | sin(nk)| > 3.

Solution. n > log, %ﬁ .

Exercise 6.163. Let p and q be two real quaternions. Find a counterexample
to show that the sum and difference formulae are not necessarily satisfied by
quaternion trigonometric functions.

Solution. Take p =i + jandqg = 1+ k.

Exercise 6.164. Let p = a + bi + c¢j + dk. Find all quaternions p such that
sin(p) = cos(p).

Solution. pissuchthata = 7 +nw (n € Z),andb =c =d =0.

6.3  Trigonometric Equations

Keeping the previous notions, we now turn our attention to quaternion trigonometric
equations. It is clear that always there are either no solutions, finitely many, or
infinitely many solutions to equations of the form sin(p) = w or cos(p) = w,
for a given quaternion w; this has to do with the possible many-valuedness of these
functions. There are several methods to reduce a given equation to an equivalent, but
more manageable expression, however we shall focus almost exclusively on using
previous definitions together with algebraic techniques. For example, let p = bi be
a solution to the equation sin(p) = i. The discussion of this example presents no
particular difficulty. A straightforward computation shows that » sinh(|b|) = |b|,
and when solved this equation gives p = £+ In(1 4 V/2)i. Each of these values of p
satisfies the equation sin(p) = i.

Example. Let p = a + bi + ¢j + dk. Solve the equation cos(p) = ly.

Solution. We first compute cos(p) explicitly. We have

cos(p) = cos (\/a2 + b2+ 2+ dz) cosh (\/ b2+ ¢+ dz)
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— (bi +¢j + dk)sin (\/a2 + b2+ + d2) sinh (\/b2 +c2 4 d2) .
We obtain the following system for the parameters a, b, ¢, d:

cos (\/612 + b2 42+ dz) cosh (\/M) =

b sin (\/a2 + b2+ + d) sinh (\/b2 P d2)

csin<\/az—i—b2—i—c2 +d2) sinh( b2+6’2+d2)

d sin <\/a2 + b2 + ¢+ d?) sinh (\/b2 e d2) -0

This implies that b = ¢ = d = 0, and a is such that cos(a) = 1, and so
a =2nn (n € Z). It follows that p = 2nx with n € Z.

Exercise 6.165. Let p = a + bi + ¢j + dk. Compute sin(p).
Solution. The value is computed as

b cosa sinh /b?% + ¢2 + d? .
i

ccosasinh /b2 + c¢2+d? . dcosasinh b2+cz+d2k

+
b+ ¢ +d? / b+ ¢ +d?

Exercise 6.166. Let p = a + bi + ¢j + dk. Find all quaternions p satisfying
the given equation: (a) sin(p) = Oy, (b) cos(p) = Og; (¢c)cos(p) = 1—1i;
(d)icos(p)j =k; (e)cos(p) = —sin(p); (D sin’(p) = 2sin(p) = 1;  (g)
2sin(p) cos(p) = sin(2p).

sina cosh vb2 + 2 +d? +

6.4 Zeros

A standard result in real analysis says that the zeros (roots) of the real sine function
are the integer multiples of , and that the zeros of the real cosine function are
the odd integer multiples of 7. Analogous statements hold for the complex sine
and cosine functions. It is clearly of interest to check whether similar conclusions
hold in a quaternionic context. One way of answering these questions is by solving
the equations sin(p) = Oy and cos(p) = Og in the manner presented above. A
different method involves recalling that a quaternion is equal to Oy if and only if its
modulus is 0. This is a simple matter once the reader observes that sin(p) = Oy and
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cos(p) = Oy are equivalent to solving the equations | sin(p)| = 0 and |cos(p)| =
0, respectively.
To make things understandable, we again rely on the expressions

sin(p) = sin(po) cos(p) + cos(po) sin(p).
cos(p) = cos(po) cos(p) — sin(po) sin(p).
Taking into account that sgn(p) = —sgn(p), one has
| sin(p)|* = sin*(po) + sinh” |p,
| cos(p)|* = cos?(po) + cosh? [p| — 1.

Since sin®(po) (resp. cos?(po) ) and sinh? |p| are both nonnegative real numbers, it
is evident that the above equations are satisfied if and only if sin(py) = O (resp.
cos(po) = 0) and sinh |p| = 0. As just noticed, sin(po) = 0 when py = nw,n =
0,£1,+£2,... (resp. cos(pg) = 0 when py = m, n=0,%1,+£2,...), and
sinh [p| = 0 only when |p| = 0. Therefore the quaternion trigonometric functions
have only the zeros known for the real functions, i.e.,

sin(p) =0y if and only if p = nm,

1
cos(p) =0y ifandonlyif p = (n + 5) 7,

forn =0,%+1,+£2,....

Exercise 6.167. Let p be a nonnull pure quaternion. Prove the following relations:
(a) sin(p) = sgn(p) sinh [p|;  (b) cos(p) = cosh(|p|).

Now we turn our attention to inequalities involving the quaternion trigonometric
functions.

Example. Let p be a real quaternion such that [p| < In(1 + +/2). Prove that
|sin(p)| < /g + 1.

Solution. Notice that sin’(pg) < pi, and sinh? [p| < 1 for every |p| € [0,In(1 +
v/2)]. From a previous representation, it follows that | sin(p)|* < o+ 1.

Example. Let p be a real quaternion such that |p| > In(1 4+ +/2), and py < —v/6

3\ 2
or po € [0, v/6]. Prove that | sin(p)| > 1+(p0 — %0) .
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2
Solution. Note that sin®(pg) > (po - %‘3’) when py < —+/6 or po € [0, /6], and
sinh?(|p|) > 1 for |p| < In(1 + +/2). We find

3

. 2 %
[sin(p) = 1+ (po 6).

Example. Let p be a real quaternion such that py € [0, +/2]. Prove that | cos(p)| >

2
_n
1- 2.

2\ 2
Solution. Let py € [0, +/2]. Then clearly cos?(po) > (1 — ‘”0) , and so
2.2 2.2
|cos(p)|22(l—%) +1—1:< —%) .

Further, we adopt the usual definitions of the other trigonometric functions:

6.5 Quaternion Tangent and Secant Functions

For p e H\ {(n + 1/2)m : n = 0,£1, £2,...}, the functions tan(p) and sec(p),
defined respectively by

i 1
sin(p) and sec(p) :=

tan(p) := cos(p) m,

are called the quaternion tangent and secant functions. Based on the expressions for
cos(p) and sin(p) considered above, we deduce the following identities:

sin(po) cos(po) (| cos(p)|* — | sin(p)|?)
cos?(po) + sinh? |p|

tan(p) =

N cos?(po)cos(p)sin(p) — sin’(po) cos(p)sin(p)
cos2(po) + cosh? [p| — 1

and

cos(po)cos(p) — sin(po)sin(p)
cos?(po) + cosh? [p| —1

sec(p) =

Exercise 6.168. Compute tan(i).

Solution. tanh(1).
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6.6 Quaternion Cotangent and Cosecant Functions

For p e H\ {nm : n = 0,%1,+2,...}, the functions cot(p) and csc(p), defined
respectively by

cos(p) ) 1
sin(p) " sin(p)

cot(p) :=

are called the quaternion cotangent and cosecant functions. Based on the expressions
for cos(p) and sin(p) considered above, we deduce the following identities:

sin(po) cos(po) (| cos(p)|* — | sin(p)*)

cot(p) =
(P) cos?(po) + sinh? [p|
N cos?(po) cos(p)sin(p) — sin®(po)cos(p)sin(p)
cos?(po) + sinh? [p|
and
_ sin(po)cos(p) + cos(po)sin(p)
csc(p) =

cos?(pp) + sinh? |p|

Since the quaternion sine and cosine agree with the real and complex sine and
cosine functions, the above-mentioned trigonometric functions also agree with their
real and complex counterparts. These functions clearly share many other properties,
but for the sake of brevity we will not review them here. Instead we suggest the
reader to play with these functions until he is familiar with them.

Exercise 6.169. Compute cot(i).
Solution. coth(1).

Exercise 6.170. Compute the value of the given quaternion trigonometric function:
(@) tan(i* 4 j©);  (b)cot(e?);  (¢) sec(p) —tan(p) cot(p);  (d) cse(3).

Exercise 6.171. Prove the following trigonometric identities: (a) tan(—p) =
—tan(p);  (b) sec(—p) = sec(p); () cot(p) = —cot(—p);  (d) cse(—p) =
—csc(p).

Exercise 6.172. Is the quaternion tangent function periodic? Justify your answer.

Solution. The tangent quaternion function is not periodic since the quaternion
exponential function is not periodic.
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Exercise 6.173. Find all quaternions p such that: (a) |[tan(p)] = 1, (b)
|cot(p)| = 1.

6.7 Advanced Practical Exercises

1.

10.

11.

12.
13.

Compute (a) sin(i); (b)sin(j); (c)sin(k); (d)cos(i); (e)cos(j); (f)
cos(k); (g)tan(i); (h)tan(j); (i) tan(k).

Compute (a) sin(1 +i — j + k); (b) cos(1 —k); (c) sin(1 — j); (d)
sin(1 41 — j).

Compute (a) tan(i) + cos(i + j) + sin(k); (b) cos(i — k) + sin(i) cos(j) +
sin(i + j).

Solve the following equations (a) sin(p) = i; (b) sin(p) = j; (¢
sin(p) = k;  (d) cos(p) = i; (e)cos(p) = j; (Dcos(p) =k; (g
tan(p) =i; (h)tan(p) =j; () tan(p) = k.

Solve the equations (a) sin(p) = 1+i—j +k; (b)cos(p) =1—i—j —k.
Let p € H such that |p| = 1. Check the validity of the following relation:
arg(ppp) = 2arg(p).

Let p be pure quaternion such that | p| = 1. Prove that: (a) sin® p 4cos? p = I;
(b) cos? p —sin® p = sinh(2|p|); (c) cos? p = H'Lg(z‘pl), (d)sin®> p =
1—sinh(2| p|)

—

Let p be pure quaternion such that p # Og. Prove that: (a) tan(p) =

sgn(p) tanh(|pl);  (b) cot(p) = s coth(| p|).

Find a pure quaternion p such that (a) cos? p—sin® p = 1—i+j; (b)cos? p—
sin? p=i+2j; (c)cos® p—sin®p = ly; (d)cos® p—sin® p = j + 10k;
(e)cos? p—sin’p=1—-2j —4k; (f)cos’p—sin’p =—-3+i+j+k;
(g cos?p —sin’p =i —j—4k; (h)ycos’p —sin’p = 8i +k; (i)
cos? p—sinp=7—i—j+3k; (jcos’p—sin’p=j—k.
Find a pure quaternion p such that (a)cos? p = 1—i+j; (b)cos®> p = i+2j;
(©)cos’>p=1g; (@cos>p=j+10k; (e)cos’p=—1-2j—4k; @
cos’p=-3+i+j+k; (g)cos’p=—i—j—4k; (h)cos’p =38i+k;
()cos’p=5—j; (jcos’p=—j —k.

Find a pure quaternion p such that (a) sin> p = 1—i+j; (b)sin® p =i +2j;
(©)sin’p = 1g; (d)sin® p = j + 10k; (e)sin®p = 1—2j —4k; ()
sin?p=-3+4+i+j4+k; (gsin’p=i—j—4k;, (h)sin’>p=28i+k;
() sin>p=3—i; (sin’p=j—k.

Let p be a pure quaternion. Prove that cos(2p) = 2 cos?(p) — 1x.

Let p be a pure quaternion. Prove each of the following limits: (a)

lim 0y cos p = :t“/TE; (b) lim oy sin p = :t“/TE.
Hint. Use the formulae cos? p = w and sin® p = %ﬂlm).
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14. Let p be a pure quaternion. Prove that lim,_, o cos(p) = £oo.
15. Let p be a pure quaternion. Prove that lim,_, sin(p) does not exist.

16. Let p be a pure quaternion. Prove that lim, (%) = oo0.

N
17. Let p be a pure quaternion. Prove that lim,_, (S“;I’) = o0.



After bringing together various results mentioned before, in this chapter we
introduce the quaternion hyperbolic functions, whose study will require us to master
a new situation. Since the quaternion exponential function agrees with the real and
complex exponential function of real and complex arguments, it follows that the
quaternion hyperbolic functions also agree with their usual counterparts for real and
complex input. This allows us to discuss some important hyperbolic identities and
the existence of infinitely many zeros of the quaternion sine and cosine hyperbolic
functions, and to solve equations involving hyperbolic functions. A remarkable
result of the theory exhibits the deep connection between the hyperbolic and
trigonometric functions discussed in the previous chapter. We hope that material
presented in this part will make this beautiful topic accessible to the reader.

The quaternion hyperbolic sine and cosine functions may be defined using the
quaternion exponential function as follows:

7.1 Quaternion Sine and Cosine Hyperbolic Functions

The functions sinh(p) and cosh(p), defined by

el —e™P el +e7?

sinh(p) := R cosh(p) := 5

respectively, are called the quaternion sine and cosine hyperbolic functions. These
expressions make it clear that the quaternion hyperbolic functions are gener-
alizations of the real and complex hyperbolic functions to quaternion values.
Alternatively, the reader is doubtless familiar with the idea of introducing power
series as another way of defining the quaternion sine and cosine hyperbolic functions
and with the fact that both approaches yield the same quaternion function. The
quaternion sine and cosine hyperbolic functions can be expressed via their Taylor
series as follows:

J.P. Morais et al., Real Quaternionic Calculus Handbook, 117
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21+l 0 21

p
sinh(p) = E and cosh(p) = E —_—
(21 +1)! — @2D!

Example. Let p = 1 —i — j. Find sinh(p).

Solution. Direct computations show that

sinh(1 —i — j) = sinh(1) cos(+/2) — sm(\/_) 2) cosh(1).

Exercise 7.174. Compute the value of the given quaternion hyperbolic function: (a)
cosh(i—j); (b)cosh(i/); (c)sinh(i)+cosh(j)+Ln(k); (d)sinh(cosh(k))+
2i sinh(j)'

Solution. (a) cos~/2; (b)cosl; (c)cosl +isinl + Zk;  (d) sinh(cos 1) +
2cos(% sin1) + 2sin(7 sin 1)k.

I+ S ]
Exercise 7.175. Compute (a) Y52, I (b) 3072, HLEO™

Solution. (a) sinh(i — j); (b)cosh(i + j + k).

Exercise 7.176. Compute the following quaternion power series:
(a) (Zl =0 (14?;[£§j+1)(21 =0 (1-1212[){)21)’

& (72 S ) (72 )

(o) (g2, W),

@ (X2, oy’

Solution. (a) %sinh(2 + 2i — 2j); (b) %sinh(2 + 6i —2j —2k); (¢
% (cosh2+2i +2j +2k)—1); (d) % (cosh(2 —2i —2j —2k) —1).

7.2  Hyperbolic Identities

Similarly to their counterparts for real and complex input, the quaternion hyperbolic
sine and cosine are, respectively, odd and even functions; that is, —sinh(p) =
sinh(—p), and cosh(p) = cosh(—p). In particular, sinh(Og) = Op, while
cosh(Og) = lg. In this sense our discussion can serve as a brief review of
previously understood notions. A natural question may have occurred to some
readers by now: Do familiar identities for real and complex hyperbolic functions
still hold in the quaternionic context? A straightforward computation shows that for
cosh?(p) — sinh?(p) = ly the answer is positive. The proof is left as an exercise.
Setting p =i — j, it follows that
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cosh?(i — j) —sinh®(i — j) = cos?(v/2) — 2 smz(x/_) = 1g.

However, we must keep clearly in mind that in general the quaternion hyper-
bolic functions do not satisfy the sum and difference formulae sinh(p + ¢q) =
sinh p coshg =+ cosh psinh g, and cosh(p & g) = cosh p coshg =+ sinh p sinhg,
unless p and ¢ commute. Here is a simple example: take p = i — j; then sinh(i —
j) = % sin(+/2) # (i — j)cos(1)sin(1) = sinh(i) cosh(j) — cosh(i) sinh(j).

Exercise 7.177. Let p € H\ {Ox} and sinh(p) = i + j + k. Find cosh?(p).
Solution. cosh?(p) = —2 for all nonzero p € H.
Exercise 7.178. Let p € H \ {0g} and cosh(p) = j + k. Find sinh?(p).

Solution. sinh®(p) = —3 for all nonzero p € H.

Exercise 7.179. Let p € H \ {Og}, sinh(p) =i — j + k, and cosh(p) = 1 + k.
Find sinh(2p).

Solution. sinh(2p) = —2 — 4j + 2k for all nonzero p € H.

Exercise 7.180. Let p € H\ {Oy}, sinh(2p) = 1—i — j —k, and cosh(p) = T]
Find sinh(p).

Solution. sinh(p) = —1 — i for all nonzero p € H.

Exercise 7.181. Let p € H \ {Og}, sinh(2p) = i + j, and sinh(p) = k. Find
cosh(p).

Solution. cosh(p) = %(i — j) for all nonzero p € H.
Exercise 7.182. Let p € H \ {Oy} and sinh(p) =i + j. Find cosh(2p).
Solution. cosh(2p) = —3 for all nonzero p € H.

Exercise 7.183. Under what circumstances do the quaternion hyperbolic functions
satisfy the sum and difference formulae?

Solution. For all quaternions p and g for which pg = ¢gp.

Exercise 7.184. Prove the identities: (a) sinh(2p) = 2sinh(p)cosh(p); (b)
cosh(2p) = 2sinh®(p) + 1;  (c) sinh(3p) = —sinh(p) + 4 sinh(p) cosh?(p);
(d) sinh(4p) = 8sinh®(p)cosh(p) + 4sinh(p)cosh(p); (e) cosh(3p) =
4 cosh®(p) —3cosh(p);  (f) cosh(4p) = 8sinh?(p) cosh?(p) + 1.
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7.3  Equations with Hyperbolic Functions

The above considerations enable us to gain insight into equations involving the
aforementioned hyperbolic functions. For the convenience of the reader, we note
here that for a given quaternion w equations of the form sinh(p) = w or cosh(p) =
w always either have no solutions, or have finitely many or infinitely many solutions;
this has to do with the possible many-valuedness of these functions. To exemplify
this, let p = ¢j be a solution to the equation cosh(p) = 1. A direct computation
shows that cos(|c|) = 1, and we see from this that p = +2nn j, n € Z. We can
verify that each of these values of p satisfies the equation cosh(p) = ly.

Example. Let p = a + bi + ¢j + dk, where a,b,c,d € H. Solve the equation
sinh(p) = ¢T§

Solution. We first compute sinh(p) explicitly:
sinh(p) = sinh(a) cos (\/ b2 + ¢+ dz)

sin («/b2 +c2+d?
Vb2 4 c? + d?

We obtain the following system for the parameters a, b, ¢, d:

sinh(a) cos (\/ b2 + 2 + dZ) = £

3 3

+ cosh(a) (bi + cj + dk).

sin («/b2 +cr+ dz)
b cosh(a) NErwerwE =0

sin («/b2 +c2+ dz)
c cosh(a) =0,

sin («/b2 +c2+ dz)
d cosh(a) N =0

V3

This system yields that b = ¢ = d = 0, and a is such that cosh(a) = 5. Hence

a= arccosh(“/Tg). We conclude that p = arccosh(“/Tg).
Exercise 7.185. Let p = a + bi + ¢j + dk. Find cosh(p).

Solution. The value is computed as
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sin (x/b2 + %+ d2)
N

Exercise 7.186. Let p = a + bi + ¢j + dk. Find all quaternions p satisfying the
given equation: (a) sinh(p) = Og; (b) cosh(p) = Oy, (c) sinh(p) = —1y;
(d) sinh(p) —cosh(p) =i — j +2k; (e)cosh(p) =e 7.

(bi + ¢j + dk).

cosh(a) cos (\/ b+ % + dz) + sinh(a)

7.4 Relation to Quaternion Sine and Cosine Functions

We are now in a position to gather and set some light on the diverse notions
concerning the quaternion trigonometric and hyperbolic functions from a unifying
point of view. The motivation for this exposition comes in part from the simple and
direct relation between these functions. Our intention is to familiarize the reader
with these relations. By definition,

e™® = cos |p| = sgn(p) sin [pl,
so we see that quaternion trigonometric and hyperbolic functions are simply related:
cosh(p) = cos [pl,
and in a similar manner
sinh(p) = sgn(p) sin |p|.
Using the sum and difference formulae, a straightforward calculation exhibits a

noteworthy connection between the trigonometric and the hyperbolic functions,
namely,

sinh(p) = sinh(py) cos |p| + cosh(py) sinh(p),
cosh(p) = cosh(pp) cos |p| + sinh(py) sinh(p).

Exercise 7.187. Prove the following identities: (a) cosh(p) = cos(sgn(p p)),
(b) sinh(p) = sgn(p) sin(sgn(p p));  (c) cosh(p) = cos|p|; (d) sinh(p) =
—sgn(p) sin [p|.

7.5 Zeros

In what follows, we shall be interested in determining the zeros of the quaternion
sine and cosine hyperbolic functions, i.e., the solutions of the equations sinh(p) =
Op and cosh(p) = Op. In order to fully understand the meaning of these expressions,
we must keep in mind that the functions sinh(p) and cosh(p) are not periodic and
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have infinitely many zeros; we must further have a clear agreement on how both
notions should be mastered. The zeros of the function sinh(p) are the solutions for
p of the equation e” = e~ ?, which can be rewritten as e’ = 1g. Since €?? = 1y
only when |Vec(2p)| is an integer multiple of 27 sgn(p), we conclude that the zeros
of sinh(p) are the numbers nx sgn(p), n = 0, &1, £2, .. .. Similarly, the zeros of
cosh(p) are the solutions for p of the equation e” = —e™?, which can be rewritten
as e2? = —ly, or as e2P 5@ — [p (since " ®7 = —1p). It follows that the
zeros of cosh(p) are the numbers (n + %) sgn(p) withn =0, +1,£2,....

We proceed to study some inequalities involving the quaternion sine and cosine
hyperbolic functions.

Example. Let p be a real quaternion. Prove that | sinh(p)| < 2 cosh(po).

Solution. We note that |e”| < 2e?0. In particular, |e™?| < 2e~#0. It follows that
| sinh(p)| < 2 cosh(po).

Exercise 7.188. Let p be a quaternion. Prove that | cosh(p)| < 2 cosh(py).

Exercise 7.189. Let p = 1 + i + j + k. Prove the following inequalities: (a)
| sinh(p)|" < 2" cosh”(1) for alln € N;  (b) |cosh(p)|" < 2" cosh” (1) for all
neN

Exercise 7.190. Let p € H. Prove that

(a) |sinh(2p)| < 8cosh*(po);

(b) |cosh(2p)| < 8cosh*(po) + 1;

(c) |sinh(3p)| < 32cosh®(poy) + 2 cosh(po);

(d) |cosh(3p)| < 32cosh®(py) + 6cosh(po);

(e) |sinh(4p)| < 16 cosh’(po)(8 cosh’(po) + 1);
(f) |cosh(4p)| < 128 cosh*(pg) + 1.

Analogously to quaternion trigonometric functions, we next define the quater-

nion tangent, cotangent, secant, and cosecant hyperbolic functions using the
quaternion hyperbolic sine and cosine.

7.6  Quaternion Tangent and Secant Functions

The functions tanh(p) and sech(p), defined respectively by

inh
sinh(p) and sech(p) :=

tanh(p) := cosh(p) cosh(p)’

for p € H\ {(n + %)n sgn(p) : n = 0,%1,42,...}, are called the quaternion
tangent and secant hyperbolic functions.
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7.7 Quaternion Cotangent and Cosecant Hyperbolic Functions

The functions coth(p) and csch(p), defined respectively by

h 1
cosh(p) and csch(p) ;=

sinh(p) sinh(p)’

coth(p) :=

for p e H\ {nmsgn(p) : n = 0,+1,+£2,...}, are called the quaternion cotangent
and cosecant functions.

Since the quaternion sine and cosine hyperbolic functions agree with the real and
complex sine and cosine hyperbolic functions, these functions also agree with their
counterparts for real and complex input.

Exercise 7.191. Prove the following identities: (a) tanh(—p) = —tanh(p); (b)
coth(—p) = —coth(p), (c)sech(—p) = sech(p), (d) csch(—p) = —csch(p).

Exercise 7.192. Compute the value of the given quaternion hyperbolic function:
(@) coth(;Z5(i + j));  (b) tanh(—i + k) (c) /7).

Exercise 7.193. Prove the following hyperbolic identities: (a) tanh*(p) = 1y —
sech’(p);  (b) coth®(p) = 1y + csch?(p).

Exercise 7.194. Verify the validity of the following identities: (a) sin(nw + p) =

sgn(p)(—=1)"sinh(p);  (b) cos(nw + p) = (=1)"cosh(sgn(p p)) for n =
0,1, £2,....

7.8 Advanced Practical Exercises

1. Let p = 14+ 1i — j — k. Compute (a) sinh(i); (b) sinh(j); (c) sinh(k);
(d) cosh(i); (e) cosh(j); (f) cosh(k); (g) tanh(); (h) tanh(j); ()
tanh(k); (j) sinh(p); (k) cosh(p).

2. Let p =i + j + k. Find (a) sinh(p); (b) cosh(p).

Let p =141i + j + k. Find (a) sinh(p); (b) cosh(p).

4. Solve the equations (a) sinh(p) = i; (b) sinh(p) = j; (c)sinh(p) = k;

(d)cosh(p) = i5 (e)cosh(p) = ji (D) cosh(p) = k.

Solve the equations (a) sinh(p) = 1+i +j +k; (b)cosh(p) =i —j + 2k.

6. Compute (a) pq — (p,q) + sinh(r) —7g +q-r; (b)arg(p)g +e" +1In(q) +
i" —cosh(r),where p=1+4+i—j—k,q=1+1i,andr = k.

7. Compute (a) l'sinh(k); (b) isinh(j); (C) jsinh(i); (d) jsinh(k); (e) ksinh(i);
(f) ksinh(j).

8. Let p be nonnull pure quaternion. Prove that (a) sinh(p) = I%\ sin |pl;

(b) cosh(p) = cos|p|; (c)tanh(p) = %‘ tan |p|;  (d) coth(p) = cos|p|.

b

e
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9. Let p be a nonnull pure quaternion. Prove that lim,_, o, sinh(p) = Op.
10. Let p be a nonnull pure quaternion. Prove that lim,_, cosh(p) = 1.
11. Let p be a nonnull pure quaternion. Prove that cosh?(p) — sinh?(p) = 1.
12. Let p be a nonnull pure quaternion. Prove that cosh? p + sinh? p = cos(2|p|).



The main focus of this chapter is to study the inverses of the quaternion trigono-
metric and hyperbolic functions, and their properties. Since the quaternion trigono-
metric and hyperbolic functions are defined in terms of the quaternion exponential
function e?, it can be shown that their inverses are necessarily multi-valued and can
be computed via the quaternion natural logarithm function In(p). The remarkable
facts we shall see here attest the great interest of these functions in mathematics.
Proofs of the most known facts are ommited.

In the sequel we shall recapitulate that for a given quaternion w equations of the
form sinh(p) = w and cosh(p) = w either have no solutions, or have finitely many
or infinitely many solutions. The procedure outlined a few pages back to find an
explicit formula for w is often tedious and lengthy if all the details are taken into
account, and so it is usually adequate to modify it. We summarize this discussion in
the following definition.

8.1 Quaternion Inverse Hyperbolic Sine and Cosine Functions

The functions sinh™!(p) and cosh™!(p), defined respectively by

sinh™ (p) i=1n (p+ V2 + 1) and  cosh™ (p) :=In (p + Vp? = 1)

are called the quaternion inverse hyperbolic sine and cosine. Notice that each value
of w = sinh™!(p) satisfies the equation sinh(w) = p, and, similarly, each value of
w = cosh™!(p) satisfies the equation cosh(w) = p. Since the quaternion logarithm
function agrees with the real and complex logarithm functions of real and complex
arguments, these functions also agree with their counterparts for real and complex
argument. Here we also call the inverse hyperbolic sine (resp. cosine) the arcsinh
(resp. arccosh), and we will denote it by arcsinh(p) (resp. arccosh(p)), as we shall
always do in the sequel whenever we speak of inverse hyperbolic functions. These
functions have two sources of multi-valuedness, one due to the quaternion natural

J.P. Morais et al., Real Quaternionic Calculus Handbook, 125
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logarithm function In(p), the other due to the quaternion power functions involved.
It is evident that the quaternion inverse hyperbolic sine and cosine can be made
single-valued by specifying a single value of the quaternion logarithm and a single
value of the functions (p?+1y)"/? and (p?>— 1) '/?, respectively. We see at the same
time that a branch of a quaternion inverse hyperbolic function may be obtained by
choosing a branch of the quaternion logarithm and a branch of a quaternion power
function. In spite of its local multi-valuedness, the In(p) function has an infinite
number of branches, hence so do the quaternion inverse hyperbolic sine and cosine.
In addition, the quaternion inverse hyperbolic functions have branch point-solutions
to the equations p? #+ Iy = Og, because the functions (p? + lg)"/? and (p* — 1g)'/?
have no solutions of (p? 4+ 1g)'/? = Oy and (p? — 1g)"/?> = O, respectively.
Because this is an introductory text, we will not discuss this topic further.

Exercise 8.195. Let p = a + bi 4+ ¢j + dk, where a,b,c,d € H. Derive the
formulae for arcsinh(p) and arccosh(p).

Exercise 8.196. Compute the value of the inverse hyperbolic functions arcsinh(p)
and arccosh(p) at the given point: (a) p = j; (b)p = jX—i; () p =i—j+k;
@ p=i-j~

Solution. (@) jZ, iZ; (b) 0, iZ; (c) log,(5 + 2v/2) + UDizitkz,

e 4 54242
log, VIT+ *EH 2. (@0, 7.

Exercise 8.197. Prove the identities: (a) arcsinh(—p) = —arcsinh(p),
(b) arccosh(—p) = arccosh(p); (c) arccosh(2p? — 1g) = 2 arccosh(p);

p=lm .
2 ’

(d) 2 arcsinh(p) = arccosh(2p? + 1g); (e) arccosh(p) = 2arcsinh
—p+21H; (g) sinh(arccosh(p)) = v/ p% — 1u;
(h) cosh(arcsinh(p)) = /p2 + ly; (i) cosh(2arcsinhp) = 2p? + 1y;
(j) sinh(2 arccosh(p)) = 2p+/p? — lm.

(f) arccosh(p) = 2 arccosh

Exercise 8.198. Prove the identities: (a) tanh(arccosh(p)) = /p2—1p~';  (b)

coth(arccosh(p)) = p (\/p2 — 1)_1; (c) tanh(arcsinh(p)) = p (x/p2 + 1)_1;

(d) coth(arcsinh(p)) = +/p2 + 1p~ L.

Exercise 8.199. Prove the inequalities: (a) |arcsinh(1 +i + j + k)| < ~/29+ 7;
(b) |arccosh(1 +i + j + k)| < ~/29+ n.

Exercise 8.200. Let p be a real quaternion such that |p| # 0, and

2
1+ 2p0y/4(po2Ip =3 (5 + 1 — p2)* # 0.



8.1 Quaternion Inverse Hyperbolic Sine and Cosine Functions 127

Prove that

arcsinh(p) = log, | po + C|

po+C
+ sgn (p + sgn(B)v A2 — C?) | arccos +2nm |,
( ) | po+C +psgn(B)~/ A2—C?|

forn € Z, where

A= \/(p(% +1—1|p»)2+4p2lpl2, B:=2pop, C :=p;+1—|p|*

We proceed to study certain inequalities involving the quaternion inverse hyper-
bolic sine and cosine functions.

Example. Let p be a real quaternion such that |p|* — |p|> + 2 p(z) > 0. Prove that
Jarcsinh(p)| < \/1+2(1pl* — |p|? +2p3) + .

Solution. To begin with, we find the following representation for p + /p? + lu:

pi+1—Ipf
(P} + 1—1p»)? + 4p|pl?

) . @&.1)

With A denoting the term \/(pg + 1—|p|?)? + 4p?|p|?, we have, on account of

(8.1):
)2

— arccos

1
P+ (1~ [pP)2 + 4p3pl? (cos 5

py+1—Ipl?
(P2 +1—1|p|»)? +4p2lp?

1
+ sgn(p) sin Earccos

p+1—Ipl?
(P2 +1—p»)? +4piIp?
2

1
lp+vVpr+1u)* = (po+Acos

— arccos
2

1 2 1— 2
+ P1+A$sin—arccos 5 p0+22|p| 55
[+ p3+p2 12 (pg +1—1[pI»)? + 4p;lpl
2
1 2 1— 2
+ Pz—i—ALsin - arccos — p0+22|p| T
2
1 24+ 1—|p)?
+ m—l—ALsin ~ arccos — Po 22|p| T
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Now we make use of the standard inequality (@ + b)*> < 2(a® + b?). Hence we

obtain
) 2

1
lp+Vp2+1uf <2 |:p§ + (Acos 5

pi+1—Ipf
(P2 +1—1p»2 + 4pIp|
2

— arccos

1 2 1— 2
+ i+ A——P1 Gn|= arccos 5 Po + 22|p| T
2
1 2+ 1—|p
+ 9+ A——P2 o= arccos 5 Po + 22|p| T
2
1 ;+1—|pl?
+ p3+ A——P  in|= arccos 5 Py 22|p| >

=2(lpl* = pl* +2p} +1).
that is,
p+ VP + 1wl <1+1+2(p* = pP +2pd).

Furthermore, using the fact that v/a +b < /a + Vb fora > 0 and b > 0, the
following further inequality is now immediate:

tog, |p + v/p? + Tl = log,(1+ /1 +2(pl* = |pl2 +2p})).

We may now use the fact that In(1 + x) < x for x > 0 to obtain

log, [p+vp? +1] = \/1 +2(|pl4— pI? +2p3),

whence

ILn(p + /P2 + 1) < \/1 +2(1p* ~1p12 +2p3) + 7.

We have thus obtained the inequality

|arcsinh(p)| < \/1 + 2(|P|4 —|pP+ 21’%) + 7
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Exercise 8.201. Let p be a real quaternion such that | p|* — | p|* + 2p2 > 0. Prove
that

|arccosh(p)| < \/1 +2(Ipl* = |pI* + 2pp) + .

Exercise 8.202. Let p be a real quaternion such that | p|* — | p|* + 2p2 > 0. Prove
the following inequalities:

k
(V1+20p1=1pE+273))

(a) [aresinh(p)| < Y72 (—D)FH! : +7, nel;
_ iR n)
(b) |arccosh(p)| < Zin:ll(—l)kﬂ( Gt klp‘ +200) 7, neN

All this being established, we can now introduce the inverse tangent.

8.2  Quaternion Inverse Hyperbolic Tangent Function
The function tanh™!(p), defined by

In(1 4+ p) —In(1 — p)
7 ,

tanh™!(p) :=

is called the quaternion inverse hyperbolic tangent. In particular, if w = tanh™!(p),
then tanh(w) = p. This function, too, agrees with its real and complex counterparts.
We shall frequently make use of another notation for the inverse hyperbolic tangent,
namely, arctanh(p). We further assume the reader to be familiar with the fact that
the inverse tangent is a multi-valued function, since it is defined in terms of the
quaternion logarithm function In(p). In order to supply additional information,
we reiterate that the inverse hyperbolic tangent can be made single-valued by just
specifying a single value of the quaternion logarithm.

Similar to the real and complex inverse hyperbolic functions, we define the
quaternion inverse hyperbolic cotangent, secant, and cosecant functions using the
quaternion inverse hyperbolic sine and cosine:

arcsinh(p)

arccoth(p):= arcsech(p):= arccsch(p):=

arccosh(p)’ arccosh(p)’ arcsinh(p)’

Exercise 8.203. Compute the value of the function arctanh(p) at the given point:
@ p=In(ly); b)p=—i+j+k; (p=i—j* (d p=arcsinh(-)).

Solution. (a) Og; (b)#(—i +j+k); ©0m @1+ 2log, /T +1/.

Exercise 8.204. Prove the following identity: arctanh(—p) = —arctanh(p).
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In what follows, we shall study the inverse trignometric sine, cosine and tangent
functions, which we now introduce.

8.3  Quaternion Inverse Trignometric Sine and Cosine
Functions

The functions sin™'(p) and cos™'(p), defined respectively by

sin™!(p) := sgn(p) arcsinh (p sgn(p))
cos™!(p) := sgn(p) arccosh(p),

are called the quaternion inverse sine and cosine. Each value of w = sin™!(p)
satisfies the equation sin(w) = p, and, similarly, each value of w = cos™'(p)
satisfies the equation cos(w) = p. We also call the inverse sine (resp. cosine) the
arcsine (resp. arccosine), and we will denote it by arcsin(p) (resp. arccos(p)). As
the above discussion shows, the inverse sine and cosine are necessarily multi-valued
functions.

8.4 Quaternion Inverse Trignometric Tangent Function

The multi-valued function tan™! (p), defined by

tan™! (p) := sgn(p) arctanh (p sgn(p)) ,

is called the quaternion inverse tangent. Each value of w = tan™!(p) satisfies the
equation tan(w) = p. The inverse tangent is often called arctangent, and will be
denoted from now on by arctan(p).

Analogous to the real and complex inverse trigonometric functions, we define the
quaternion inverse trigonometric cotangent, secant, and cosecant functions using the
quaternion inverse trigonometric sine and cosine:

arcsin(p) 1 1

arccot(p) := arcsec(p) := arccsc(p) :=

arccos(p)’ arccos(p)’ arcsin(p)

Exercise 8.205. Compute the value of the functions arcsin(p), arccos(p) and
arctan(p) at the given point: (a) p = (—1 + 9k)32' ; (b) p = In(cos(i)); (c)
p = cosh(e) — e* sinh(1).

Exercise 8.206. Prove the identities: (a) arcsin(—p) = —arcsin(p);  (b)
arccos(—p) = arccos(p), (c) arctan(—p) = —arctan(p).
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8.5 Advanced Practical Exercises

1.

Compute (a) arcsinh(1+i); (b)arcsinh(i); (c)arcsinh(j); (d) arcsinh(k);
(e) arccosh(i); (f) arccosh(j); (g)arccosh(k); (h) arctanh(i);
(i) arctanh(j);  (j) arctanh(k).
Compute (a) arctanh(1 4+ i); (b) arctanh(1 + j); (c) arctanh(1 + k);
(d) arctanh(1+i+j +k); (e)arctanh(1—i—j+k); (f)arctanh(1—i—j—k).
Compute (a) In(i) + In(1 —i — j) + sinh(i) + arctanh(1 —i — j — k);
(b) In(@)In(j) + (sinh(i), sinh(j)) 4+ 2arctanh(1 + i); (c) In(i) — In(k) +
sinh(7) - sinh(j) + arctanh(1 + j).
Compute (a) arcsin(i);  (b) arcsin(j); (c) arcsin(k); (d) arccos(i);
(e) arccos(j);  (f) arccos(k).
. Prove the following identities:
1

(a) tanh(2 arcsinh(p)) = (2‘1)\/p2 + 1) 2p*+1)
(b) coth(2arcsinh(p)) = (2p* + 1) (pr/p2 + 1)_1,

1

(c¢) tanh(2arccosh(p)) = 2p+/p> —1(2p*—1)
(d) coth(2arccosh(p)) = (2p> —1) <2p Vpr— 1) 1,
(e) sinh(3p) = sinh(p) (4 cosh?(p) — 1);

(f) sinh(3p) = sinh(p) (4sinh?(p) + 3);

(g) sinh(3arccosh(p)) = /p2 —1(4p? —1);

(h) cosh(3p) = cosh(p) (4 cosh?(p) — 3);

(i) cosh(3p) = cosh(p) (4sinh*(p) + 1);

(j) cosh(3arcsinh(p)) = /p* + 1 (4p* + 1);

(k) cosh(4p) = 8 cosh?(p) — 8 cosh(p) + I;

(1) sinh(4p) = 8sinh(p) cosh®(p) — 4sinh(p) cosh(p);
(m) sinh(4 arccosh(p)) = 4/p2—1p (Zp2 — 1);

(n) sinh(4arcsinh(p)) = 4p+/p? +1(2p* + 1);

(0) cosh(4arccosh(p)) = 8p> —8p + 1;

(p) cosh(4arcsinh(p)) =8 (p*+1) —8y/p>+1+1;

(q) tanh(4arcsinh(p)) = 4p/p> + 1 (2p> + 1) (8(p +1)—8/p? + —H) 1;
(r) coth(4arcsinh(p)) = (8(p>+1)—8/p2+1+1) (4p\/p2 +12p% + 1)) ;

(s) tanh(4arccosh(p)) = 4/p*> — 1p (2p> —1) (8p* —8p + 1)_1;

(t) coth(4 arccosh(p)) = (8p> —8p + 1) (4\/‘1)2 —1p2p* — 1))_1

6. Let p be a real quaternion such that [p| = 0, or

L+ 2p0y/4p2IpI =3 (9 + 1 — [p2)* = 0.

Prove that arcsinh(p) = log, |po + C|, where C = p? + 1 —|p|*.
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7. Let p be a real quaternion such that |p| # 0, or

2
L+ 2poy/4p2lplE =3 (53 — 1 — Ip2)* # .
Prove that

arccosh(p) = log, | po + C|

po+C
+ sgn(p + sgn(B)v A2 — C?) | arccos +2nn|,
| po+C +psgn(B)v A2—C?|

for n € Z, where

A= /(2= 1~ [pI2)? + 4piIpl2.
B:=2pp. C := p;—1-Ipl*.

8. Let p be a real quaternion such that |p| = 0, or

L+ 2p0\/4p3lpP =3 (P~ 1 - IpP)’ = 0.

Prove that arccosh(p) = log, | po + C|, where C = p3 — 1 — |p|*.



In a brief outline, the next portion of text describes a way of representing quaternion
matrices in such a way that quaternionic addition and multiplication correspond to
matrix addition, (scalar) matrix multiplication, and matrix transposition. Besides
the discussion of the quaternionic analogues to complex matrices, we will also
discuss the possibility of decomposing quaternions with respect to well known
matrix decompositions, which are related to solving systems of linear equations.
Even though it is self-contained, the reader will comprehend the necessity of this
notions while pursuing the subject. Our presentation is organized in such a way
that the analogies between quaternion, noncommutativity, and quaternion matrix,
on one hand, and determinant, rank, and eigenvalues, on the other, are mastered.
The relations between these concepts will come into view more clearly through the
text, motivating our insight to the problem.

To treat this topic, we assume that you either have had some experience with
matrices or are willing to learn something about them. Nowadays the study of
quaternion matrices has undoubtedly gained an increased attention. For example,
the representation of quaternions via matrices allows one to derive closed-form
solutions for algebraic systems of linear equations involving unknown parameters,
in which fast outputs and high level of data accuracy are of great concern. The set
of equations for the quaternion elements is thus represented by a single equation.
The solution can be expressed in terms of the same symbols, and matrix algebra
knowledge gives us a routine procedure for finding the latter. Since matrices can
be added (or subtracted), and multiplied together according to elementary algebraic
techniques, they form a key tool to perform linear transformations.

9.1 Quaternion Matrices

Consider a set of quaternion-valued quantities arranged in a rectangular array
containing m rows and n columns:

J.P. Morais et al., Real Quaternionic Calculus Handbook, 133
DOI 10.1007/978-3-0348-0622-0_9, © Springer Basel 2014
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ayl dip ... dip

dzl dzp ... A4y,

Am1 Am2 --- Amp

This array will be called an m X n quaternion matrix. The quantities a; ; (i =
1,....m, j =1,...,n) are called the entries or components of the matrix.

The collection of all m x n quaternion matrices with entries in X (X = R, C
or H) will be denoted by M,,x,(X). For simplicity, in the case of square matrices
(m = n) we denote M, x, (X) briefly by M,,(X). Throughout the remainder of the
text we will point out remarkable similarities and differences between these type of
matrices.

9.2 Equality

Two quaternion matrices A and B of same order m x n are said to be equal if all
of their components are equal: a; ; = b; j, foralli =1,....,m,j =1,...,n. We
then write A = B. Two matrices of different order cannot be compared for equality.

9.3 Rank

The left (resp. right) rank of a quaternion matrix A is defined as the maximum
number of columns of A that are left (resp. right) linearly independent, and is
denoted by r;(A) (resp. rr(A)). If A is of left (resp. right) rank k, then k is also
the maximum number of rows of A that are left (resp. right) linearly independent.

Exercise 9.207. Find an example of two quaternions that are left linearly indepen-
dent, but not right linearly independent.

Solution. p=i,q=j.

The relevant facts are that, just as with real and complex matrices, one can
also define elementary row (and column) operations for quaternion matrices of
compatible sizes.

9.4  Matrix Arithmetic and Operations
Quaternion matrices can be added, subtracted, and multiplied. If 4 and B are

two quaternion matrices, and A a real quaternion, these operations are defined as
follows:
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(i) The sum (resp. difference) A + B (resp. A — B) of two matrices A and B of
the same size is calculated by adding (resp. subtracting) entrywise;
(ii) The quaternion multiplication A4 is given by multiplying every entry of A on
the left-hand side by A;
(iii) The multiplication of two quaternion matrices A and B, say AB, is defined
only if the number of columns of A is the same as the number of rows of B.
The matrix product A B is then given by the dot product of the corresponding
row of A and the corresponding column of B.
The familiar associative, and distributive laws of multiplication over addition hold
for quaternion matrices:
(iv) Commutative law of addition
A+ B =B+ A4;
(v) Associative law of addition
A+(B+C)=(A+ B)+C,;
(vi) (Left-)distributive law of multiplication over addition
AB +C)=AB + AC;
(vii) (Right-)distributive law of multiplication over addition
(B+ C)A = BA+ CA4;
(viii) Associative law of multiplication
(AB)C = A(BC).

Exercise 9.208. Let

ij Om 2j
A= d A+B= .
(k i) and A+ (OH 2i)
Find B.

. —ij
Solution. B = .
oLution. (—ki)

Exercise 9.209. Let

| —i 1 243 i+
B = , C = ,A+B+C=|. . . 7).
(j —j) (i‘f‘k j) tE (l+2]+2k i—2j )

Find A.

. 3i Jj
Solution. A = .
olution (]+kl—2j)

Exercise 9.210. Let

ij ii —1+k-1+k
A= = A(BC) =2 .
(ij)’ ¢ (ii)’ (BC) (—1+k—1+k)
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Find B.

k k
lution. B = .
Solution (kk)

9.5 Special Quaternion Matrices

In this context, the additive identity and the multiplicative identity quaternion
matrices will be denoted by O and 1, respectively. The additive identity quaternion
matrix, which acts as an annihilator element for quaternion matrix multiplication
and as the additive identity for quaternion matrix addition, is such that for any
quaternion matrix A, we have A + O = A, and AO = OA = O. Similarly,
the multiplicative identity is such that for any quaternion matrix A, we have
Al =T1A=1.

As the next example shows, while the quaternion matrix addition is commutative,
the quaternion matrix multiplication is not: for example, AB and BA are not equal
in general. In case AB = BA, the quaternion matrices A and B are said to commute.

A= (1%) g p= (7 Om)
OHl OHJ

Show that A and B do not commute.

Example. Let

Solution. One has that

(K Oy k0%
=5, 5) # (o ) = o

Exercise 9.211. Let p be a real quaternion. Show that the following quaternion

matrices commute:
A, = (p 1) and B, = (p O_H)
Om p Ou p

Exercise 9.212. Let A be an nxn quaternion matrix for which it holds A>+A+1 =
O. Prove that

(a) A3=1;

O, when n # 3] for all [ € N,

(b) A" + A" + ] =

3], when n = 3/ for some [ € N.
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9.6 Basic Notions of Quaternion Matrices

A quaternion square matrix A is said to be: idempotent if 4> = A, Hermitian (or
self-adjoint) if ZT = A, skew-Hermitian (or anti-Hermitian) if ZT = —A, unitary
if 7' = A~', normal if AA' = A' A, and invertible if AB = BA = I, for
some matrix B. Two quaternion matrices A and B are said to be congruent if there

exists an invertible matrix C such that B = C ' AC. The conditions required in
these definitions imply that we are dealing with square matrices. For a more unified
formulation we emphasize that the symbol A means the quaternion conjugate of
the matrix A, which is the matrix obtained by taking the conjugate of each entry in

—T . - . . . . .

A. Clearly, A" is the transpose of A, that is the matrix obtained by interchanging
the rows with the columns. In this sense, a quaternion hermitian matrix can be
understood as the quaternionic extension of complex symmetric matrices. Just as

for complex matrices, henceforth we denote a simply by A*. The negative —A is
the matrix formed by changing the signs of all the entries of A, while the matrix
A~ is the multiplicative inverse of A. Quaternion skew-Hermitian matrices can be
then understood as the quaternionic versions of complex skew-symmetric matrices.

Exercise 9.213. Let p and g be two real quaternions, and

I p+gq
aa = (L019),

When is the quaternion matrix A, 4 idempotent? Is A, , invertible?

Solution. A, 4 is idempotentif p + g = Og. A, 4 is invertible.
Exercise 9.214. Let A = (j ]’C) where a € H. Find a so that A> = A.

Solution. No solutions.

Og i . ..
]H,I ) Prove that A is Hermitian.

Exercise 9.215. Let A = (
—i Oy

Exercise 9.216. Let p be a pure quaternion and A, be the n x n quaternion matrix

p...p
Prove that (a) A2 = (=n|p|»)'I foralll € N;  (b) AJ+! = (—n|p|*)' A, for all
l eN.
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The inverse of quaternion matrices deserves particular interest, and so we will
now study this in more detail.

9.7 Inverse of a Quaternion Matrix

Let A = A; + A,j be a quaternion matrix with an inverse A~! = T} + T, where
Ay, Ay, Th, and T, are all complex. Next we show how to find A~! from A, and A4,
by inverting complex matrices. The detailed process can be described as follows:

1. Write A as A + A,j, where A; and A, are complex matrices;

2. Form the complex matrix
Al Ay
A. = —
’ (—Az Al)

3. Find AC_1 in the classical sense,

_ T T»
A7V = =2
¢ (—Tz Tl)

4. A7V = T+ T13j.

Example. Compute the inverse of the quaternion matrix
(),
Og i—jJ

i\ (-

O i O —J

i1 g —1m\ .
0 i) \ow—1u)”

i Ig —lg

A - s d A =

: (OH i) e o (OH —1H)

i i 1g—1m
Og i Og —1g

Solution. First, write A as

b
|
+

+

|
~—

It follows that

and

—lglg —i —i
Og lgOg —i
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Then it is easily seen that det(A!') = 4, and after some straightforward computa-
tions we find

—2i 2i -2 2
1| oy —2i 0y 2
© 4| 2 —22i =2

Oy —2 Og 2i

‘We conclude that

1 [—ni 24 1 /_
T = - 2i 21. and T = — 22 .
4\ Oy —2i 4 \ Oy 2

Hence the inverse matrix is given by

A" =T+ Tj
_ L (=2i—2j 2i+2j
4 Om —2i+2j)°

We continue by pointing out some properties of the conjugate and the transpose
of a quaternion matrix, some of which are unexpected.

9.8 Quaternion Conjugate of a Matrix

Let A and B be two quaternion matrices and A a real quaternion. The quaternion
conjugate has the following properties:

@) A+ B=A+B, m:ZX; (ii)ﬁ;ﬁfﬂin general;
(iii) 4 = 4; (iv) A=' # (A)~! in general.
Property (i) can be extended to three or more quaternion matrices, i.e.,
Al + Ay + -+ Ay, = A1 +Ar+-- -+ A,, i.e., the conjugate of a sum of quaternion
matrices is the sum of the conjugates of the terms in the sum. However, the equalities
AB =B Aand A~ = (Z)_1 do not hold in general. To see, say, that (iv) holds,

take for example
A = (l k) and A7' = (_l _II,HI).
Om Jj On —J

Exercise 9.217. Let A be a nonnull quaternion matrix and A a real quaternion.
Under what circumstances does the equality A\A = A A hold?

Exercise 9.218. Ler A = ( ]’C 1’ ) and B = (i z) Check if AB = BA.
H
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9.9 Quaternion Transpose, Conjugate Transpose, and Inverse
Matrices

Let A and B be two quaternion matrices and A a real quaternion. Here is a list of
immediate properties:
(i) Linearity
(A+ B)T = AT + BT, (AA)T =247,
(ii) Product
(AB)T # BT AT in general, (AB)* = B*A*;
(iii) Involutivity
(AN =4, @D =(AT);
(iv) Inverse
(A™HT # (A7)~ in general,
(AB)™! = B7'A7"if A and B are invertible,
(A"~ = (A7H* if A is invertible;
(v) For each A there exists a unitary matrix U such that U*AU is in upper
triangular form [7].

Property (i) can be extended to the general case of an arbitrary number of
quaternion matrices. For example, (A; + A2 + ...+ An)T = AIT + A2T +...+ A,{.
On the contrary, (A;4; - - A,,_lAn)T = AnTA;_1 .- -AZTAIT does in general not hold
for quaternion matrices. In words, the transpose of a sum of quaternion matrices is
the sum of the transposes of the terms in the sum. The transpose of a product of
quaternion matrices is in general not equal to the product of the transposes of each
factor in the reverse order.

Exercise 9.219. Check if (AB)T = BT AT, where

i J k 1+i j —k
A= —i i+ j—k and B=| 2 —k —i
1—i—j k &k i ki

Exercise 9.220. Let A and B be two quaternion matrices. Check if (AB)T =
B (A"

Exercise 9.221. Let A be a quaternion matrix. Find a counterexample to show that
the equality (A~")T = (AT)™! does not hold in general.

Exercise 9.222. Prove that any Hermitian quaternion matrix is congruent to a real
diagonal matrix.
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9.10 Positive and Semi-positive Definite Quaternion Matrices

If A is a Hermitian n X n quaternion matrix, then X *A4X is a real number for any

n-dimensional column vector X with quaternion entries. A Hermitian quaternion

matrix A is called positive definite (resp. semi-positive definite) if X * AX is positive

(resp. nonnegative) for any nonzero X . We have a list of properties:

(i) If A is positive definite (resp. semi-positive definite), then the elements on the

diagonal of A are all positives (resp. nonnegative);

(ii) If A is diagonal, then A is positive definite (resp. semi-positive definite) if and
only if the elements on the diagonal of A are all positive (resp. nonnegative);

(iii) If Hermitian matrices A and B are congruent, then A is positive definite (resp.
semi-positive definite) if and only if B is positive definite (resp. semi-positive
definite);

(iv) A Hermitian quaternion matrix A is semi-positive definite if and only if A is

. 1 0O
congruent to a matrix of the form 00)

Exercise 9.223. Let A, B be two Hermitian n X n quaternion matrices, and k
be any fixed real number. Prove that A, B can be simultaneously diagonalized
by congruence if and only if A, kA + B can be simultaneously diagonalized by
congruence.

Exercise 9.224. Let A, B be two Hermitian n X n quaternion matrices. Prove that
if one of them is positive definite, then there exists an invertible matrix C such that
both C*AC and C* BC are diagonal.

9.11 Determinant of a Quaternion Matrix

Associated with any square quaternion matrix is a real number, which we now
define. The determinant of a quaternion square matrix A is a quaternion number,
denoted by det(A). It is significant to note that, in practice, the determinant of a
2 x 2 matrix is defined by

ap agn
det( = ajpidx — adpdas.
az) dAx

In the above definition we use the so-called rule “multiplication from above to down
below”. In the same way, we may use the rule “multiplication from down below to
above” i.e.

ap aiz
det ( = andir — azan».
az) dx
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For the reader’s convenience we will use the rule “multiplication from above to
down below” only. The other case can be treated analogously. To proceed with, the
determinant of a 3 x 3 matrix is defined by

ap a2 Az i i d
22 423 21 A23
det| az1 axn ax | = an det( ) —ap det( )

aszp asjz asy ass
asy asz ass

az a
+ a det( 2 22)
asy as

= apanassz + apaas + apzandadsn
— d11d23a32 — d12d21433 — d13dndsy.

Example. Compute the determinant of the 3 x 3 quaternion matrix

i j Oy
Om —j k
i j ok

Solution. A straightforward computation shows that

i j O .

det| 0y —j k idet(_/k)—jdet(O,Hk)
. Jj k ik
i j k

i(—jk —kj) = jOu — ki)
= —lg.

a i+k

Exercise 9.225. Let A = ( .
i—ji—k

il) = Op.

), where a € H. Find a so that det(A —

Solution. a =14+2i — j — k.

a i

Exercise 9.226. Let A = ( Ny k)’ where a € H. Find a so that det(A) = 1—k.
LT

Solution. a = Oy.

Exercise 9.227. Let A = (
det(A) =i.

. a . b), where a,b € H. Find a and b so that
i+jk
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Solution. a = (b + 1)j.

In general, we compute the determinant of an n X n quaternion matrix in the
following way:

app ap c+- A

dajzy Az -+ A
det
Adpl Ap2 **° Apn
azy *++ Aoy ajy +-: Ap—1
=apdet| @ .t | =+ (=D""ay, det
Aup *+* Apn Apl *** App—1

Let A and B be two quaternion matrices. The following properties hold:
(i) A isinvertible if and only if det(A) # Og;
(i) det(AB) = det(A) det(B), consequently det(A™!) = det(A4)~", if A" exists;
(iii) det(PAQ) = det(A), for any elementary quaternion matrices P and Q.

Exercise 9.228. Let A and B be two quaternion matrices. Find an example for
which det(43 + B) = det(A) + det(B).

Solution. Let p be a pure unit quaternion. Take 4 = — (]l; ]l; ) and B = O.

9.12 Dieudonné Determinant

Let A = (a Z) be a 2 x 2 matrix with quaternion entries. The Dieudonné
¢

determinant of A is defined to be the nonnegative real number

det(A) = \/aPld 2 + [c b ]2 — 2Se(cabd).
Exercise 9.229. Compute the Dieudonné determinant of the 2 X2 quaternion matrix
i—j j—2k
—j+ki+k )

Solution. /14.
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be a 2 x 2 matrix with quaternion entries. Prove

cd
that detg (A) < |a||d| + |c]||b].

Exercise 9.230. Let A = (“ b

Exercise 9.231. Let A = (i 2 ) be a 2 x 2 matrix with quaternion entries. Prove
that _

(a) If (ac) - (bd) = 0, then detg(A) = /|a|?|d|? + |c|?|b|%

(b) If (ca) - (db) = 0, then detg(A) = /|al*|d|* + |c|*|b|>.

9.13 Quaternion Eigenvalues and Eigenvectors

For quaternion matrices an eigenvalue theory can be developed similar to that for
complex matrices. However, due to the noncommutativity of multiplication, we need
to treat Ax = xA and Ax = Ax separately. In the quaternionic case the following
generalization holds. Let A be a quaternion matrix and consider the equation

Ax = xA,  (resp. Ax = Aix), 9.1)

where A, (resp. A;) is a quaternion and x is a quaternion vector. If (9.1) has a

nonzero solution x, then A, (resp. 1)) is called a right (resp. left) characteristic root or

eigenvalue of the matrix A and x is called a corresponding quaternion eigenvector.

Moreover, we state the following results:
(i) Everyn x n quaternion matrix has at least one left eigenvalue in H [60],

(i1)) Any nxn quaternion matrix has exactly n right eigenvalues, which are complex
numbers with nonnegative imaginary parts [7,33],

(iii) If A € M,,x, (H), with m < n, then Ax = Oy has a nonzero solution,

@iv) If A € M, (H) is in triangular form, then every diagonal element is a right
eigenvalue of A. Conversely, every right eigenvalue of A is similar to a diagonal
entry of A [7].

Exercise 9.232. Let A = ( iob ) where b € H. Find b so that
j+kk

where x1, x, € H are arbitrary.

Solution. b = % %k.
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9.14 Spectrum of a Quaternion Matrix

The set {A, € H : Ax = xA,, for some x # 0} is called the right spectrum of A,
denoted by 0:(A). The left spectrum is defined similarly and is denoted by a;(A).

The following example illustrates how we calculate the (left) eigenvalues of a
given quaternion matrix.

Example. Find the left spectrum of the matrix A = ((I)H _OlH).
H Um

Solution. First we write Ax = Ajx as (A{/ — A)x = 0, and assume that A,/ — A
is invertible for all A; € H. The left spectrum of A is then the set of quaternionic
solutions of Alz + 1y = Op, which is a two-dimensional sphere.

Exercise 9.233. Find the left eingenvalues of the following matrices:

i Op J Om O i Om i

om i) \ow ) \=iow) \jow)
Exercise 9.234. Let A be a matrix with real entries and q be a unit quaternion.
Prove that if A, is a left eigenvalue of A, then qhiq is also a left eigenvalue of A.

What can you conclude if A has quaternion-valued entries?

Exercise 9.235. Let A be a quaternion matrix and let A, € H be a right eigenvalue
of A. If p € H \ {0y}, then p~'Ap is also a right eigenvalue of A.

Exercise 9.236. Let A be an upper triangular quaternion matrix. Prove that a
quaternion A, is a left eigenvalue of A if and only if A, is a diagonal entry.

To continue the exposition, we present the following results:

9.15 Right Eigenvalue Equalities

Let A be a quaternion matrix, A, one of its right eigenvalues, and x a corresponding
. . —T . .
vector. Let u, be a right eigenvalue of A , with y a corresponding vector. Then

Xy =3y
Let us prove this relation. By assumption A x = x A, and a Y = Yy WU, and since
the equality (AB)” = (B)”(A) holds for two quaternion matrices A and B, we

have

_— _7—T _7 —T _
LxTy=&4A)y =x"Ay) =3 yp.
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Using the above relation, it can be proved that a quaternion Hermitian matrix has
real right eigenvalues only. For the proof, let A, be a right eigenvalue of A with x as
a corresponding vector. It is clear that A, is also a right eigenvalue of a (= A) with
vector x. From the relation above it follows that

A xlx =X xAn

T

Since X" x is a real number different from zero, we have A, = A,.

Exercise 9.237. Two quaternion square matrices A and B are said to be similar if

there exists an invertible quaternion matrix S of the same size such that ST'AS =
B. Prove that then A and B have the same right eigenvalues.

9.16 Advanced Practical Exercises

1. Compute
. Iy i Iy i\ .
; b :
@ J(l—i—%i—i—jk) ®) (1+%i+jk)1
1—i+j+k i Jjk
(c) k i l+i—j—kjk]|;
On 2—i+j4kilj
l—i4j+k i ik
() i l+i—j—kjk|k
O 2—i4j+kij
2. Compute

— 1y i (2 —3i
1+ . .. -2j1. .-
(—/1+z+1+k) J(z4+;)

3. Find AB, where

o —i 2 —ij
@ A=|1+i j k|, B=|i+kjil:
—i 240+ i+j k5

241 j i
b A= . B= . .
®) (1—i—j+ki+j) (1)
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4.

2

10.

11.

Find W™, where

_(J 3k ). (1 7). _ (ki
@ W_(—k1+j+k)’ ® W_(lm—k)’ (C)W_(jj)'

Check if WW™ = W=IW = [.

. Find a vector X with quaternionic entries which solves the system AX = B,

where

(@ Az(l"'.”f".), B:(".);
—l J J

1+i j k lu
® A=| i 1+j1-k|. B=[i
J i k J

Prove that every matrix with quaternionic entries has eigenvalues.
Prove that similar matrices have the same characteristic roots.
Find x € H such that (a) (1 +i)x = xj; (b) (1 —k)x = xi;
QA +i+j+b)x=x(0—i+j+k).

. Let a,b € H\{Og}. Prove that the linear equation ax = xb has a nonzero

solution x € H if and only if @y = by and |a|] = |b|.

Check that the following equations have nonzero solutions: (a) (1 +i)x = xj;
b A-kx=xi; ©@©A+i+j+k)x=x(1—-i+j+k);
@A+2i+j+b)x=xA+i+j+k); @Qi+j)x=x(+])
®ix=xG+j).

Let iy, h, € H\{Og} be chosen such that hya = ah; and h,b = bh,. Further,
let y be a nonzero solution to the equation ax = xb. Prove that 4, yh, is also a
nonzero solution of ax = xb.



In this chapter we will be primarily interested in the study of monomials and
polynomials within the framework of quaternion analysis. Monomials and their
applications to combinatorics and number theory have become increasingly impor-
tant for the study of a large number of problems that arise in many different
contexts, both from a theoretical and a practical perspective. At the same time, the
applications of polynomials to classical and numerical analysis, including approxi-
mation theory, statistics, combinatorics, number theory, group representations etc.,
as well as in physics, including quantum mechanics and statistical physics, and in
system theory and signal processing have played a key role in this development and
continue to do it today. For example, polynomials are often used in the treatment of
problems, mainly in mathematical physics, and also in studies related to differential
equations, continued fractions, and numerical stability. In advanced mathematics,
polynomials are used to construct polynomial rings, a central concept in abstract
algebra and algebraic geometry.

In the remainder of the chapter we are going to introduce into the realm of
quaternion numbers the concept of binomial coefficient, which can be profitably
thought as one of the most important combinatorial counting tools. Central to this
viewpoint are certain binomial sums involving quaternions, which as in the real
and complex cases, should be familiar to the reader. We restrict ourselves mainly
to the most important special binomial coefficients in which the novelty lies in the
arrangement, and also in some of the proofs.

We hope that after studying these examples the reader will be at least partly con-
vinced of the power of the method, as well as of the beauty of the unified approach.
Every effort has been made to make this chapter self-contained. In particular, we
do think that a completely unified treatment of the topic is neither possible nor
desirable.

J.P. Morais et al., Real Quaternionic Calculus Handbook, 149
DOI 10.1007/978-3-0348-0622-0__10, © Springer Basel 2014
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10.1 Quaternion Monomials

For real variables ¢, x, y, and z, the term p := ¢ + xi + yj + zk is called a
quaternion variable. Let n be a nonnegative integer. A quaternion monomial M,, of
degree n is defined as appa,p---a,—1 pa,, where a; € H (I = 0,1,...,n) and
such that M, (0) = Og. The degree (or order) of a quaternion monomial is the sum
of the exponents of the powers of p. For example, (1 + i)p(1 + j + k) pk is a
quaternion monomial of degree 2. Two quaternion monomials M, and M, are said
to be similar, if there exist two real quaternions a and b such that M} = aM,b and
the degree of M| is equal to the degree of M.

Example. Define g(p) = p" for p € H, and also set g(co) = oo. Prove that the
monomial g has exactly degree n.

Solution. We shall use induction on the degree of g in order to prove our statement.
To start with, note that for n = 1 the assertion is evident, i.e. p = bogh;
where by, b, are real quaternions. Suppose that our assertion is valid for all n:
p" = apqa;---qa,. We shall now prove that it is valid for n + 1. A direct
computation shows that

p"t = p'p = aoqar---qa,p = aoqai---qaybogbi.
Denoting a,by = c;, we conclude that p"™! = agqa, ...qcigb;. From the
definition of the quaternion monomial it follows that p"*! is a monomial of degree

n—+1.

Exercise 10.238. Determine the degree of the following quaternion monomials: (a)
A+i+ i ) (A —i—j)pkpjp(1 +k); () (1 =2i +3k)p(1+ j)p(1 -
i—p+j+kpd+i+j)y @A-i-kpl-—i-jpd+kp
(14+1i+2k)p.

Solution. (a)1; (b)3; (©)4; (d)4.

Exercise 10.239. Show that the following quaternion monomials are similar: (a)
pjand (1 +i+ j)pj;  (b) (1 =i)pjp and (1 =i)pjpk;  (¢) (1 =i —j —k)pjp(1 -
Np( + k) and pjp(1 = j)p.

Exercise 10.240. Show that the following quaternion monomials are not similar:
(@) (1 =i — j = k)pipjpkpjpi and i pk;
(b) (1 —i — k) pk and ipipipjpkpjpipipikp; ~ (c) (i + j + k)pipkpjp and ip.
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10.2 Quaternion Monomials Arithmetic and Operations

Quaternion monomials can be added, subtracted, multiplied, and divided. Let M,
and M,,, be two quaternion monomials, with n; and n, nonnegative integers, and A
a real quaternion. These operations are defined as follows:

(i) The sum (resp. difference) M,,, + M,,, (resp. M,,, — M,,) of two monomials
M,, and M,, is calculated by adding (resp. subtracting) the coefficients of the
similar terms;

(i) The quaternion multiplication AM,, is given by A(aopa\p---a,—1pa,) =
(Aag)pay -+ an—1 pan;
(iii) The multiplication of two quaternion monomials M,, and M,,, say M,, M,,,
is the standard product of quaternions;
(iv) The right- (resp. left-) quotient of two quaternion monomials M, and M,,,, say
M, M, ! (resp., M, ' M,,,), is the standard quotient of quaternions.
The familiar associativity, and distributivity laws of multiplication over addition
hold for quaternion monomials:
(v) Commutativity law of addition
M, +M,, =M,, + M, forall M, ,M,, € H;
(vi) Associativity law of addition
M, + (M, + My,) = (M, + M,,) + M,, foral M,,, M,,, M,, € H;
(vii) (Left-)distributivity law of multiplication over addition
M, (M,, + M,,) = M, M,, + M, M,, forall M,,, M,,, M,, € H,
(viii) (Right-)distributivity law of multiplication over addition
M, + My )M, = M,,M,, + M,,M,, forall M, A M,,, M,, €H,
(ix) Associativity law of multiplication
(M, M,,)M,, = M, (M, M,,) forall M, , M,,, M,,, € H.

Exercise 10.241. Let p be a quaternion variable. Find a solution p to the following
equations: (a) p> —ipj = 1 —k;  (b)i(kpi = 2ip®)j = lu.

Solution. No solutions.
Exercise 10.242. Let p be a quaternion variable. Compute the following quater-

nion monomials: (a) (1 —i + j + k)pp(=i)i; (b) %(l +ip): (© (=ipk)’;
(d) %p”‘lp(—k)k for a nonnegative integer n.

Solution. (a) (1 —i + j + 3k)p%  (b) %i + %jps; (c) —jpipipipipipipipip;
(d) L p".

Exercise 10.243. Let M| = ipj + (1 — i — j)pipj, M, = pj + pkp and M3 = kp.
Find (a) M1 + Mz,' (b) Ml — Mz,‘ (C) M1M3.
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Solution. (a) (1+i)pj+(1—i—j)pipj+pkp; (b) (=1+i)pj+(1—i— j)pipj+pkp;
(©) ipip + (1 —i — j)pipip.

As a brief preview of the material presented in a further chapter, we proceed by
recalling the notion of quaternion polynomial. Until we reach this point the reader
is asked to subdue his quest for complete rigor.

10.3 Quaternion Polynomials

Let p be a quaternion variable, n and m nonnegative integers. A quaternion poly-
nomial P,(p) of degree n is a finite linear combination of quaternion monomials:
ap pay -+ pay, + M, (p),whereaq; e H(l = 0,1,...,n) and M,,(p) is a finite sum
of quaternion monomials of degree m < n. The degree (or order) of a quaternion
polynomial is the largest of the degrees of the monomials, forming this polynomial.
For example, (2 + k)pjp — pj + ip + k is a quaternion polynomial of degree 2.
Notice that neither t — %i + yzk nor 7yz!/2 j are quaternion polynomials, since the
first one involves division by the variable x and the second one contains an exponent
that is not an integer. There are situations in which the sum (difference), the product
and division of quaternion polynomials are again quaternion polynomials.

Exercise 10.244. Determine the degree of the following quaternion polynomials:
(@ g(p) =ipk+ (A +i)p(l + j)p +kpipj; ®)glp)=i+1A—i—j)p(l—
kY+ (1 —i—j—k)pkp(l1—1i)p + ipk.

Solution. (a)2; (b) 3.

Exercise 10.245. Find a polynomial q(p) = (p — a)(p — i) such that q(i) = 0
and q(j) = —1—-2j + 3k.

Solution. q(p) = (p—1+i+j+k)(p—i).

Exercise 10.246. Find a polynomial g(p) = (p —b)(ipk — j) pi such that g(k) =
2j +2k.

Solution. g(p) =(p—1+1i + j)(ipk— j)pi.

10.4 Factoring and Roots of Quaternion Polynomials

Roughly speaking, the process of factoring a quaternion polynomial is the opposite
of multiplying quaternion polynomials. Recall that usually when we factor a real
number, we are looking for prime factors that multiplied together give this number;
for example 6 = 2 x 3, or 12 = 2 x 2 x 3. When we factor a quaternion polynomial,
it is often useful to look for simpler polynomials that multiplied together give us
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the polynomial we started with. In doing so, we are usually only interested in
decomposing into simple polynomials, by means of intuitive considerations. For
example, the polynomial p* + p(1 — j + k)p —ip?> + (1 + j + k)p can be
factored as a product of three simple polynomials: (p —i)(p +i — j + k)p. We
can’t do any better, so we can say the polynomial has been factored completely. Of
course, an intimately related concept is that of a root of a polynomial. A quaternion
number is then called a root of order [ < n of the quaternion polynomial P, (p), if
P,(q) = (p —q)'M,_;(p), where M,,_;(p) is a quaternion polynomial of degree
n — [, and such that M,,_;(q) # Op.
All that is needed to understand how to factor a quaternion polynomial is:
(i) Make sure that the monomials in the polynomial are written in descending
(resp. ascending) order of degrees;
(ii) List all the possible ways to make sure there is no common monomial that you
can factor out of the polynomial.

Example. Let aj,an € H be roots of the quaternion polynomial g(p) =
p —(1+i+j—k)p+k,)k € H. Find A such that ¢ + @ = 1 — j and
ol t+ai=1-i—j—k.

Solution. Since a1, o, € H are both roots of g(p), it follows that & — (1 +i + j —
k)o;+A = Oy and ot%—(l+i+j—k)ot2+k = Opy. Then a direct computation shows
thata? +af — (1 +i + j —k) (o1 +o2) + 24 = Op. Hence, A = %+%i + %j —%k.

ExerCISe 10.247. Let a1,y € H be roots of the quaternion polynomial g(p) =
p*—pj —ip+ A A€M Find A such that oo = k, and oy — oy =i — .

Solution. g(p) = p*—pj —ip + k.

Exercise 10.248. Prove that p = i — j is a root of second order of the polynomial
f(p)=p*—pi+pj—ip+jp—2

Before proceeding, let’s pause for a moment to develop some intuition about
which motivation is likely to succeed. For natural numbers n,k > 0, the central
binomial coefficient ( ) plays an important role in many areas of mathematics,
including statistics, combinatorics and number theory. For instance, the underlying
transformation techniques are used extensively in the analysis of series and in their
closed-form representations. Analogous to the natural numbers, an easy example
for the relationship between the central binomial coefficient and quaternions may
be the following. If p is an arbitrary element of H and we consider the monomials
(1g + p)" and develop them as binomials whenever |p| < 1, we may see that the
binomial coefficient (Z) is defined as the coefficient of the monomial p*.

It is time to explore the possibility of introducing binomial coefficients involving
quaternions.
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10.5 Quaternion Binomial

Let p be areal quaternion. We define the quaternion binomial coefficient as

r\. _p(p—D--(p—n+1
nl] n!

for all integers n > 0, with initial values (}) = Iy and (!) = p. When n is a
negative integer the binomial coefficient (Z ) equals zero.

Of course, instead of writing > ; _, (Z), we can also write Y o _ (f), because
the underlying binomial coefficients vanish on all of the extra values of k that appear
in the second form of the sum. These conventions may save us a lot of work in
the sequel, mainly in that we won’t have to worry about changing the limits of
summation if we change the variable of summation by a constant shift.

Although the best motivation for the above characterization is the fact that it
works, let’s pause for a moment before proceeding, to see why it is likely to
work. One may show by elementary reasoning that the neutral quaternion binomial
elements of addition and multiplication, and the associated results of addition
(resp. subtraction) and multiplication are unique. From these conditions one can
derive all the usual rules for manipulation of quaternion binomial coefficients.
The student who is not thoroughly familiar with this way of introducing binomial
coefficients should consult any textbook in which a full axiomatic treatment of
binomial coefficients is given.

We begin by evaluating certain quaternion binomial coefficients by application
of a fundamental recurrence relation in much the same manner as ordinary binomial
coefficients may be treated.

10.6 Basic Relations of Quaternion Binomials

Let p be a quaternion. For any nonnegative integer n, we have the following
combinatorial identities:

. -1
(1) (p =27 ;
n n\n-—1
1
(i1) P + P . + (Pascal’s rule or addition formula);
n n+1 n—+1
—1
(iii) (p n=p P (absorption property);
n n—1
—1
@iv) P = (27 (subset-of-a-subset identity);
nf\l [ J\n—-1
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! ! 1
) Z(p;r ) = (p+n+n);
=0

= (p-1 p+1
w2 (7))
;n—l n

The first statement is immediate. Next, to prove the well-known Pascal’s rule
involving quaternion binomial coefficients, we use induction. For n = 0 the
assertion is evident. Let n > 1. Since

(p) _pp=D-(p=n+1)

n n!
and
p \_prp—D--(p—n)
n+1) (n+1)n! ’

by algebraic manipulation, we deduce that

(p)+( P )zp(p—l)(p—Z)---(p—nH) <1+p—n)
n n+1 n! n+1

pp—1--(p—n+1) p+1
n! n+1

. p+1
T \n+1)

For the absorption property of quaternion binomial coefficients, a straightforward
algebraic manipulation shows that

n (n—1)!

-0(1)

By algebraic calculation, we can easily deduce the well-known subset-of-a-subset
identity for quaternion binomial coefficients. Now we shall prove property (v). For
n = 0 the equality is evident. We suppose that

2(0)-007)

(p) =D (p-n+1)
n=p
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By Statement (ii),

n+1 n
p+l) Z(p—i—l) (p+1+n)
S () =5 ()
1=0< l — l n+1
(p+1+n) (p+1+n)
= +
n n+1
_[pt2+n
N n+1 |

Lastly, property (vi) simply reverses the order of summation of elements in a
quaternion binomial coefficient. The summation may be written as follows

)l 2 () 00)

Now, reversing the order of summation yields the sum

(o) () (2 () - )

which includes n + 1 entries downward. By the previous statement, the value of the

previous sum is the quaternion binomial coefficient (” :—1)

Example. Establish the following identity:
p—1 p—1 —ifP
n n—1 n
Solution. For any nonnegative integer n, we note that

p—1) [(p—1) _(p-Dp-2)---(p—n+1) (p—n_l)
n n—1) (n—1)! n
_ aprlp-D--(p—n+1
- r n!

(p —2n).
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Exercise 10.249. Compute the following binomials: (a) (’;j) + (’:j);
(b)(1+i—;j+k)'

Solution. (a) —%i + %j; (b) —% + %i + %j + %k_

Let us move on to the consideration of inverse quaternion binomial coefficients.

10.7 Inverse of the Quaternion Binomial

Let p be a real quaternion. We define the inverse quaternion binomial coefficient as
-1
p - -1 -
(n) =nl(p—n+1)7"(p—D7"'p!

for all integers n > 0, with initial values (‘g)_1 = 1y and (11’)_1 = p~'. To begin
with, we can easily verify the relations

0066

for any quaternion p and any nonnegative integer n. As a practical matter, when n

. .. . . . . -1
is a negative integer the inverse binomial coefficient (ﬁ ) equals zero. We observe
that

-1
(fj) = (=D p—n+ )7 (=) T (p = (p—m)

=m-D'(p—n+D)"-(p—D7"

—(p-n+2—-Np-—n+2)(p=D"p T (p—n)

—1 —1
=<p_1) —(p—n+2)< ”) (p —n). (10.1)
n—1 n—1

. 1471
Exercise 10.250. Compute (') .
Solution. —1 — j.

We proceed by evaluating certain inverses of quaternion binomial coefficients by
application of a fundamental recurrence relation.
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10.8 Basic Relations of Quaternion Inverse Binomials

Let p be a real quaternion. For any nonnegative integer n, we have the following
combinatorial identities:

—1 —1
0 ( =n(”_1) 7
n n—1

-1 - S . 5
(i) (Z +< p) =<p+1) P=m)" D" pocars rule);

n+1 n+1 n+1

-1 -1 -1 -1
—1
(ii1) P " =7 P (subset-of-a-subset identity);
n l n—1I[ l

(i) i(Pjr>_1=1H+[E(p+z)} mzll !_[Lm(pﬂ)

00 —1
+/ o
W) Z(p =lu+(p+2)7'p", forany p € H\ {~2,0x}.

For property (i), a straightforward algebraic manipulation yields

-1
(P) % =m-—D(p—n+Dt(p=17tp!

n
-1

_ p—1 p—l

n—1 '

For the proof of the Pascal’s rule we use induction. For n = 0 the assertion is
evident. Let n > 1, and denote

() n)

By algebraic manipulation, we deduce that

—1
(”)A=1H+<p)< p) =lg+m+D(p-—n",
n n n—+1
-1
P [ r P p—n
<n+1)A_<n+l)<n) tla =y Tl

From these two equations we obtain
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P\ P )4z [(n+2+p)(p—n)+ @+ 1] (p—n)"
n n+1 - n+1

_(p=n)Hp+1)?
- n+1

’

whence

—1
A (P! (p—n)"'(p+1)7?
T \n+1 n+1 ’

By algebraic calculation, we can easily deduce the well-known subset-of-a-subset
identity for the quaternion binomial coefficients. For (iv), consider

-1 -1 -1
+1 +n
=(?) +(” +oet [P :
0 1 n
p+1\ " (p+2\ p+n\
B—1y=
() A (03) e ()
s . . p+1 .
Multiplying the left-hand side of the last equality by 1 , we obtain
p+1 B_ p+1 g
1 1
+1 +2\ 7 +3\7 +n)
= p p + P + -+ P .
1 2 3 n

In a similar manner, we multiply the left-hand side of the last equality by (p —zi_ 2)

that is,

()T )T C)-7)
D[ e ]
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Repeating this process, we arrive at
n p + l _ n n p + l n p + l
(e )e=x 110711
=1 m=1[=1l#m =1

Multiplying the left-hand side of this last equality by

e

we finally obtain

pers[A07] £ 1107

m=11=1#m

Consequently,
2":(1)+r)_1=1H+[" (p+l)} Z l—[ (p+l)
—o r =1 ! m=1]=1l#m

Now, we observe that

S0 -00) )

|
=)
+
(]2
—
=
-~ +
+N
= +
~

Let p € H \ {—2p, On}. Applying (10.1) to each term of the sums, we have
< (p+1\ < | (p+1\" p+i+1)
SU7) = B|0) o) )
and, so
(p+1+1 B
(p+2>§( l )p=1H.

Hence, we obtain
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e’} +Z -1
Z(p, ) =lu+(p+27'p7"

=0

completing our proof.

Example. Prove the following identity:

p=1\" (r=1\" _ p-200, [P\
= (p—n) .
n n—1 n n

Solution. First observe that

()0

Denoting

we have the relations

-1 _
n n
-1
(p )C =n(p—n)"'—1g.
n—1

Hence by an argument such as was just used above, we finally obtain
-1 -1 -1
p—1 p—1y _ p(p—2n) —ifPp
- =B -n :
n n—1 n n

Exercise 10.251. Compute the following quaternion inverse binomials: (a) (6’)_ +
L e Y
1 e R R T W R O e
G +@ +@) + @G +G @)+

1
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Solution. (a) 1(27 + 2cosZX);  (b) 1(27 + 2cos 2Ty (o) L2r +
2 cos ”"4’”); @ L@ " 4+ 2%cosZh); (o) 17! + 2%sinZ); ()

st — % cos 2y (g) 520! — 2% sin 25).

Example. For p # Oy, define J, = Y ;2 (—=1)"(? ;r[)_l. Prove that J,, satisfies the
recursion relation J,+1 = (p +2)7' (2J, — 1) p~ L.

Solution. For p # Oy, a first computation shows that

Byt (””)1

=0
1 -1
of P +0 o~ s [P A+D
—~>( ) ez ()

Applying the identity (10.1) to each term of the sums we have

00 -1 -1
g + Y (D' (pjl) —(p+2)<p+ll+1)

=0

00 1
I — Z(—l)l(”l”) n (p+2)Z( By (”” “)
=0

=lg—Jn+ P+2)Jus1 D,

In

and the recursion relation follows.

Exercise 10.252. Compute the following binomials: (a) Y_/_, (7 )_l (nq_[)_l; (b)
S ()76

Solution. (a)n!Y_j_o(p—=D)"'((g—n+D)7" ! Y _o(p—DH((g—
p—n+DHH7L

10.9 Advanced Practical Exercises

1. Simplify: (a) igjq(i + j)q + igj + 2iqjq(i + j)q —3igj;  (b) 2igiq(i — j)gqj +
qjqi + 2igj.

2. Find the degree of the following monomials: (a) igjgi;  (b) gig(1 + i + j)qi;
(©)jqiq(1 —i — j + k)qigj.
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10.

11.

12.

. Compute: (a) (igj+1+i)%  (0) (1+i)g(1— gk +ig)(kqk+ jqjqj +k);

(©) (—igjqj — kqi)(iqj + jgk + i).

. Find f(j) where: (a) f(q) = (igkqj — jqk)(igigi + iqi + jgk);  (b)

f(q) = (igkgj + igi)*.

. Check the validity of the following equalities: (a) igi+¢qj+iq = 2i +1)q(j +

D ®igi+qi+iqg=0+Dg+ig; (© (1+i—j)gjqi+jgjqi+iqj =
(I +igjgi+iq); (D) gj+igi+jg=0+i+j)q2j+1).

.Leta ~ b,a, b, c € H\{Og} and ach~! = c. Prove that the equation

ax + xb = ¢ has a non-zero solution.

. Find a solution x € H to the following equations: (a) x + xj = k; (b)

A+i)x+x(A+i+j+k)=i; ©@kx+x=i; (Dix+x=k; (e
jx+xk=1.

. Find a solution to the following equations: (a) ix +ixj +xk = 1+i—j +k;

® A+ j)x—kgj+xi=i+j;, (©@kx+kxi+xj=i+j+k.

. Solve the systems

I+i)x+yk=1-,
Jx+yk=1i.

ix+yj=141i+],
xk4+yi=1—i—j—k,

Solve the systems

I+ j)x+yi=1+i—k,
kx+iyj+yk=i+j +k,

(1 —k)x + jyk = i,
jx+kyj+yi=1—i—j

’

Solve the system

(I+ix+y+izk=1—i—k,
(I—ix+z=1+i+j+k,
ixj +zk —iyj =i + k.

Factor the following polynomials: (a) p> —2¢* +2gp — pq;  (b)2p* +q*> +
ap+2pq;  (©) qp*—2¢*+q*p—2qpg;  (d) p*—2pgp—3qp*+64°p; (e)
PP =4+ p*a—q*p—ap* +pap +pq’ —apq: - (H2p* +¢* + p’q—pg —
2gp* +apq—24"p: () 2p*+6q* +4p3q—3qp® —2p*qp—4p>q* +2pgp® +
4papq—2pq* p—4pq® —6qp*q +3qpap+64pq® —34° p* —64°pg+3q° p;  (h)
2p* =3¢ +6p>q—3pg* +2qp*> —pap +6aqpg—q*p; () p*ap*q® + ptap’q;
() pap + p*qp’.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

10 Monomials, Polynomials and Binomials

Let oy, ay € H be roots of the polynomial ¢(p) = p>+ (1 +i+j —k)p + pu,
i € H. Find u such that ¢y = i — j, a0y = 1 + k, and q(a; + ap) =
1—i—j—k.

Let ay,ar € H be roots of the polynomial g(p) = p> + Ap + u, A, u € H.
Find A and u so that oy = oy, o) # ap, 0 +ap = 1 —i — j —k, and
qlay + o) =j +k.

Let o, oy € H be roots of the polynomial ¢(p) = p* + Ap + 2A, with A € H.
Find A such thata; + oo = 1 —kandof +af =i + j +k.

Find a polynomial ¢(p) = ipa + p’b — p, with a,b € H, such that
q(i)=—-1-2i —=2j —kandq(k) = —i — j — 2k.

Find a polynomial ¢(p) = ipbpk — p> —ap —kp +1+i + j + k,a,b € H
suchthatgq(i) =2+i +kandgq(j) =3+4+2i + ;.

Prove that p = j is a root of order 3 of the polynomial f(p) =
P =p*j —ip* —pip+jpi —2p + .

Find the parameter « € H such that p = —i + k is a root of order 3 of the
polynomial

f(p)=p’+p*(i —k)+(i—k)p>+ pli —k)p+ (i —k)p(i —k)—4p + .

Find the parameter « € H such that p = —i + k is a root of order 3 of the
polynomial

f(p) = p*+pPa+ (i—k)p*+pli —k)p + (i —k)p(i—k) —4p —2i + 2k.
. =1 =1 _

Let p be areal quaternion. Show that (") =m (") " (p+1)7", for any

integer m.

Compute the following quaternion inverse binomials: (a) Z,zlo Iy )_1; (b)

DTG T © Dl ()7



Solutions 1 1

Chapter 1

l.@p+q=34+i+5i+j—-2k=34+6i+j—2k; (b)3—4i—j+2k;
(c)6—33i —7j + 14k; (d) 9+ 23i +4j — 8k.

2. -1, ML @©l @W-1; @©-1; @OL

3.

(@ pg=Q0+i—j—kQ@+2i+j+4k)
=342k 3 -2 k-4 —3j +2k+1
—4i —3k—2j +i+4=6+2i —8 +4k;
(D)3 +3i —3j +h; (c)—1+4i +7j +12k; (d)14—2i —8j + 24k;
(e) —2+2i—2j—2k; (f)—162+12i+6j+24k; (g) 14—22i+24j+68k;

(h) —12+24i—-26j —70k; () 1+4i—j+2k; ()—147—9i+29; +91k.
4. (a) First we consider p(1 +i — j) = 1. We have

ly=(a+bi+cj+dk)yA+i—j)
=(@a@a-b+c)+@+b+d)i+(—a+c+d)j+(-b—c+d)k.

From here we obtain the following system for a, b, ¢ and d:

a—-b+c=1,
a+b+d=0,
—a+c+d=0,
—b—c+d=0.

J.P. Morais et al., Real Quaternionic Calculus Handbook, 165
DOI 10.1007/978-3-0348-0622-0__11, © Springer Basel 2014
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—_

1

Its solution is

1 1 1
a=—-—,b=—,c=—-,d=0
3 3 3
Consequently,
1 1,+1,
=-——i+ -]
P=373"73/

It is easy to check that

L LI ati— =1
373 73/ R

Now we consider
(1+l—j)p = IH.
We have

lg = +4i—j)a+bi+cj+dk)

Solutions

=a—b+c+(b+a—d)i+(c—a—d)j+(d+c+b)k.

From the last equality we get for a, b, ¢, d the system

a—b+c=1,
a+b—d=0,
c—a—d=0,
d+c+b=0.
Its solution is
1 1 1
a=—-—,b=—,c=—-,d=0
3 3 3
Therefore,
1 1,+1,
=——=1i4+ =]
P=373173/

It is easy to check that

1 1, 1
A+i—jf(==-zi+=j)=1In
3 3 '3
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Solutions 167

®p=—i; ©p=—j; (p=—k.

(a), (b)
_ a b ;
P Ty rd 21+ +d?
c . d i
2+t +d @bt t+d
(a) We have

2p=1—i+j+3k,
which implies
2a +2bi +2¢j +2dk =1—i 4+ j + 3k.
From here we obtain for a, b, ¢, d the following system

{2a=1,2b=~1,2c=1,2d =3.

Consequently,
1 1 - 1 . n 3 X
=——=—i+= — k.
P=373'T3/ 73
It is easy to check that p satisfies the given equation. (b) p = HET‘E; ©p=
a+ ﬁi , where a is a solution to the equation
4a* —8a>+54>—a—-1=0 (11.1)

(such solution exists: prove!),a # %;(d)p = a+ﬁj; e p= a+ﬁk,
where a is a solution to the Eq. (11.1); (f) p = %+%i+k; @p= %+%i+j;
(hyp=-2+32i—2j+2k; ()p=bi+cj+dksothath’+c>+d? = 1;
(p=+P-ti; (Op==+y-tixlj-tk Op=+i-ti+}j+ik.
@2+i—j; O1—i—j—k; (©2—-2i—4j; (d)2—-2j—4k;
(e)2—-2i—4j; )2-2j—4k.

(a) (alaz —biby —cicy — ddb) — (a1b2 + biar + c1dr — dlcz)i

— (a1c2 = bids + c1a2 + diba) j — (a1dz + bica — c1by + diaa) k;
(b)  (@1a2 —biby —ci1c2 — dida) + (—a1by — biay + c1dy — dicy) i

+ (—ajc; —bydy — craz + diby) j + (—aidy + bicy —c1by —dyas) k;
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11.

12.

13.

11 Solutions
()  (aiaz — biby — cico — didy) — (az2b1 + ayby + c2dy — dacy) i
— (axc1 — bady + a1 + daby) j — (a2d) + bycy — c2by + doan) k;

(d)  (a1a2 — biby — cicad1dy) — (azby + bray + cady — dacy) i
- (azcl —byd, + a1 + dzbl)j — (ady + bycy — by + dzal)k.

Hint. Use the previous exercise.

We have that pp~! = 1 and |p|*> = pp. Consequently,
P _ P _
Th T == p .
lpI*> PP
(a) Here

Then the first matrix representation is
1—4i 2430\,
—2+3i 1+4i)°

2 1+ Ly L1 _9;
b ; 2 3 .
()(—l+i 2 ) © (%—21’ §+i)

(a)Let p =a+bi+cj+dk (a,b,c,d € R) be a quaternion that corresponds
to the given matrix. Then

1—i 2+4i\ _ (a—di—-b+ci
—2+4i1+i ) \b+ci a+di)’
therefore we obtain the system

a—di =1-—1,
—b+ci =2+ 4i.

Consequently,a = 1,b = —2,¢ = 4,and d = 1. That is,
p=1-=-2i +4j +k;

b p=1+2i+j; (©p=1-2i+8j—1ik
(a) Let us suppose that the given matrix corresponds to a quaternion

p=a+bi+cj+dk, a,b,c,deR.
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14.

15.

Solutions 169

Then
1+il—i\ _ (a—-di—-b+ci
14+i24+i)  \b+ci a+di )’
whence
a—di =1+1,
—b+ci=1-—1,

which is a contradiction. Therefore the given matrix does not correspond to
any quaternion; (b) no solution;  (c) no solution; (d) p = 1—2i — j + 2k.
We have that

Izl = Va2 + b2 + ¢ +d>.
Also

a—di —b+ci

detA =
¢ b4+ci a+di

= (a—di)a+di)—(=b + ci)(b + ci)

=a’+b*+* +d?,

from here |z| = +/det A.
(a) The first matrix representationof p =1 —i +2j —k is

A, = 1+l.1—‘r.2l .
—14+2i1—1i

Next,

Ay = —i .2—%31
243 i

is the first matrix representation of the quaternion ¢ = —2i + 3j + k. Then

s 1HD 12 —i  243i
MR Cir2 1= N\ 2430 i

_(—7—2i -3 +6i
T\ 3+46i —7+2i)°
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1

The last matrix corresponds to the quaternion

pq = —T1+3i +6j + 2k;

(b) pq = 3 + 3k.
16. =3+ 5i —2j + 3k.
17. (a) Here
1
a=1, b=-2, c=—-, d=1
2
Then the second matrix representation is
12 1—3
1
—211—5—1 :
—115 1 2
;1 =21
0 —-131 2 —4-11
1 01-3 4 2 1 1
b .
®f 5 o]t @1 212
-1310 -1-14 2
0-11 -1
1 0 -1-1
d
@ -1 1 0 -1
1 11 0

18. For p =1 —i + j —k we have the representation

11 1-1
“11-1-1
A= 01 )

11-1 1
while forq =2 —i — j — k we have

2 1-11
-1 2 11
1-1 21
—-1-1-12

Ay =

Solutions
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19.

20.

21.
22.

23.

Solutions 171

Then
3 3 31 a—-b d —c
S ST e
-1 3-3 3 c d b a
which yields

ie. pg =3—-3i —j + 3k.
(@) Let p = a + bi + ¢j + dk, with a,b,c,d € R be the quaternion that
corresponds to the given matrix. For its second matrix representation we have

a-b d —c
b a-—c—d
—d ¢ a—b
c d b a

It follows that

ie.
! 2i —3j —9%
= — — 21 — —_ ;
p ) J

®p=T7+i+%; ©@p=1l—-i+j+k; (Dp=2-2i+]j—k;
@p=3-%i+tj+ki Op=1-1ti+2%j+4k

(a) no solution; (b) no solution; (c) has a solution; (d) no solution;
(e) no solution;  (f) no solution.

2—5i +5j + 5k.

(a) Here po = 0,p = (1,0,0),q0 = 0, q = (1,0,0). Then

P‘1:PO‘]O—FP(]:O“‘(LO,O)(LQO):L
B ©L @0 @0 H0 @0 M0 M0 ()%
& -3 @1
(a) We have

pg=0—-i—j—k)Q2+i+j)=4—-2j 2k,

po=1 qo=2,
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p=(-1-1-1),
q=(1,1,0),
P-q=pogo+pq=2+(-1,-1,-1)(1,1,0) =0,
p-q+2qg=4+2i+72j,
p(p-qg+2¢9)=0—i—j—k)4+2i +2j)=8—4j — 4k,
p—q=-1-2i —2j —k,

Sc(p—q) =—1, Vec(p—q) = (=2,-2,-1),

q-(p—4q) = qoSc(p —q) + qVec(p —q)

-2+ (1,1,0)(-2,-2,—1) = —6.
Therefore

pq—r(p-q+29)+q-(p—q) =4-2j =2k —(8—-4j —4k)—6

=—10+2j + 2k;
(b)—18; (c) —10—2j —2k.
24. We have
Po=dai, (o= daz,
p=(bi.ci,d), q=(brc2d>),
P4 = poqo + pq = aiax + biby + cic2 + dido.
25. We have

P=a—bi—cj—dk,

Pq = (a1 — bii —c1j — dik)(az + bai + c2j + dok)
= a1ay + b1by + c1c2 + didy + (a1by — biay — c1dy + dicy)i
+ (a1 + bidy — cray — diby) j + (a1dy — bicy + c1by — diad)k,

q =ar—byi =crj —dok,
and, moreover

qp = (ay — byi —c2j —drk)(ay + byi + c1j + dik)
= aiaz + biby + cicy + didy + (az2by — bray — cady + dycr)i
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+ (azer + bady — c2ay — d2b1)j + (axd, — bycy + by — dzal)k,

|
3 (Pq +4qp) = a1az + biby + ci1c2 + dids.

From here and from the previous exercise we obtain our equality.
26. (a) We have

p=1+i—j,

Pa=(+i—)i—j—k = -2+2—k,

gp=(—i+j+k)Q—i+j) =-2-2i+k,
.
p-qzi(pq+qp)=—2;

®)0; (o) —2.
27. Itis easy to find

Sc(lw) =1, po=a,
Vec(1) = (0,0,0), p= (b,c,d),
lg - p = Sc(lg)po + (0,0,0)(b,c.d) = a = po.
28. (a)Here po=1,q0 =0,p=(—1,0,0),q = (0,1, 1). Then
(P.9) = pod —qop —p < q
=(0,1,1)—(0,1,—1) = (0,0, 2),

ie. (p,q) =2k;(b)-3i—j—k; (¢c)—i—j+k.
29. (a) We have

Po = 1, qo = 19 p:(_ls_lv_l)v q:(171’_1)’
P9 = poqgo+pq = 0,
—2p+q=—-1+3i+3j+k, pqg=2+2i-2j—2k,

(P-q) = Poq —qop —P X q

= (I.1.—1) = (=1,—=1,—1) = (2,-2.0) = (0,4,0) = 4j,
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and also
Sc(p,q) =0, Vec(p,q) = (0,4,0),
q-(p.q) = qoSc(p.q) + qVec(p.q) = 4.
Consequently
P q=2p+q—pqg+q-(p.q)=1+i+5+3k;

(b)4—2i —6j + 4k.
30. We have

Po =4ai, (o= az,
Vec(p) = (b, c1.d1), q= (b2,¢2,d2),
(P.q) =poq—qp—pxq=
=ay(by, c2,dr) —ax(by,c1,dy) — (br, c1,dy) x (b2, c2,d>)
= (a1by,aicy,a1dy) — (azxby, axcy, axdy)
— (c1da — c2dy, bady — bidy, bicy — bacy)
= (a1by —axbhy — c1ds + c2dy, aico — azrer — bardy + bids,

aidy — axdy, — bicy + bacy),
i.e.
P= (blvclvdl)s q= (vaCZvdZ)s

(p.q) = (a1by — asby — c1dy + cady)i
+(ajca — azey — bady + bids) j + (a1dy — axdy — bicy + bacy)k.

31. We have
P =a;—bii—cj—dk,
Pq = a1ay + biby + cic2 + didy + (a1by — biay — c1dy + dicy)i +
+(a1ca + bidy — craz — diby) j + (a1dy — bicy + c1by — drar)k,
q = a, —byi —cyj — dbk,
qp = aiay + biby + cic2 + didsy + (azby — bray — c2dy + dacy)i +
+ (azcr + bady — caay — dab1) j + (a2di — bacy + by — drar)k,
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32.

33.

34.

Solutions 175

1 _ _ .
3 (Pq —qp) = (a1by — bray — c1dy + c2dy)i +
+ ((1162 —ascy + b1d2 — bzdl)] + (Clldz — a2d1 — b1€2 + Clbz)k.

From the previous exercise we obtain

(p.g) = AL,
(a) We have
p=—i—]
Pqg=(i=PE+j+k)=2-i+]
g=—i—j—k

gp=(i—j—-kGi+j)=2+i-},
1 o
(p.q) = E(pq—qp)=—l + Js

()i +6j +4k; (c)—3i—10j +8k; (d)3i—j +2k; (e)2i+j +4k;
®3j; @k m)j; @@ —i.

One has that
1 _ _
(p.q) = E(pq—qp),
1 _ 1 _ _
(q,p) = E(qp—pq) = —E(pq—qp) = —(p.q).
Let p = ay + bii + c1j + dik and ¢ = ap + byi + ¢aj + dak, where

a;,b;,ci,d; € R (i =1,2). Then we have

Pq = araz + biby + ci1c2 + dida + (a1by — bray — c1dy + dyc2)i +
+ (aic2 + bidy — craz — diby) j + (ardy — bica + c1by — diax)k,
and
Vec(p, q) = (a1br — bias — c1dy + dica,
aicy + bidr — crax — diby, ayrdy — bicy + c1by — dras).

Therefore, (p.q) = Vec(pq). Also (p.q) = —(q. p) = —Vec(qp).



176 11 Solutions
35. (a) We have

p=2 q=1 p=(-1,1,-1), q=(1,1,1),

[p.q] = pogo — Pq + poq + qop
=2—(-1,1,-D(1, 1, 1) +2(1,1,1) + (-1,1,=1)

=3+(1,3,1)=3+i+3j +k;

®6+2j+3k; (©—-2—i+4j +2k; (D0x; (e)O0m; () Om.
36. We immediately get

2p=2+42i+2j—2k, 2p+q=4+i+j—k,

pg=0+i+j-kQ—-i—j+k)y=5+i+j—k,

Po L, (10:2s p=(1,1,—1), q:(—la—l,l),

[P, 4] = pogo —Pq + Poq
+qgop=2—(,1,-1)(=1,-1,1) + (=1,—1,1)
+2(1,L, - =5+, 1,-1)=5+i+j—k

[p.gql+ p=6+2i+2j—2k,
Sc([p.q] + p) =6,
Vec([p.q] + p) = (2,2,-2),

q-([p.ql + p) = qoSc([p.q] + p) + qVec([p.q] + p)
=124 (-1,—-1,1)(2,2,-2) = 6,

(p.q9) = pogo —qoP —P X q
=(-1,-1,1)=2(1,1,-1) = (1,1, -1) x (=1,—=1, 1)
= (=3,-3,3) = —3i — 3/ + 3k.

Therefore
2p+q—pqg+q-(p.q)+p)+ (.9
=44+i+j—k—G+i+j—k) +6-3i-3j +3k
=5-—3; —3j + 3k.
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37. We have po = a1, go = az, p = (b1,c1,d1), q = (b2, ¢2,d>), and

[p.4] = Pogo — Pq + Poq + qop
= a1ay — (b1, c1,dv) (b2, €2, da) + ai(ba, 2, db) + ax(by, c1, dy)
= aiay — biby — cico —didr + (a1ba, arc2, a1 da) +
+ (a2b1, azcy,a1dy)
=aia; —b1by — cico — dids
+ (a1by + azbi,aica + axer,a1dy + axd,),
= aia; — biby — cica — didy + (a1by + axby)i
+ (ai1cr + asxer)j + (ardr + axdy)k.

38. Let p = a1 + byi + c1j + dik and ¢ = a, + byi + ¢2j + dok, where
a,-,bi,ci,d,- ER,i = 1,2.Then

pq = a1ay —biby — cica — didy + (a1by + biaz + c1dy — dica)i +
+ (a1c2 = bids + c1az + diby)j + (a1ds + bica — c1by + diar)k,
qp = a1ay — biby — c1c2 — didy + (a2by + bray + c2dy — dac1)i +
+ (a2¢1 — bady + c2a1 + daby) ] + (a2dy + bacy — ¢2by + daay )k,
%(Pq +qp) = ajaz — biby —cica — didy + (a2 + byay)i +
+ (a2¢1 + a162) ] + (a1dr + axdy)k.

Consequently,

_ pq+aqp
P4l = =——

39. (a) Itis easy to see that

pg =0+ DG —j)==2k qp=0—-)0+])) =2k

pqg +4qp
[p.q] = B = Om;
(b)—1+2i; (©)3+i+j+k.
40. We have
_pq+tqp _qp+pq
[p.q] = = =[q.p].

2 2
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41.

42.

43.

44.

1 Solutions

—_

(a) Obviously, it holds that
p=(1.2,-1), q=(-1L11),
pxq=(3,0,3)=3i + 3k;

(b)3i —3j; (©)—2i—3j+3k; (Dk; (©—j; ©i.
We have

p=(bi.c1.d1), q=(br,c2.d>),
PXq= (bla Cl,dl) X (bZ’ C, dZ) = (Cldz — ¢ady, bydy — bids, bics —bzcl),

ie.,
p X q = (cidy — c2dy1)i + (bady — bidy)j + (bica — bacy)k.

Let p = ay + byi +c¢1j +dik and g = ap + byi + ¢2j + dyk, where
ai,bi,ci,di € R(l = 1,2).Then

pq = aya; —biby — cicp — didy + (a1by + bras + c1dy — cady)i +
+ (ayca — bidy + c1az + diby)j + (a1dy + bica — c1by + dian)k,

qp = aja; — biby — c1cy — didy + (a2by + baay + cpdy — dacy)i +
+ (azc) — bady + a1 + daby)j + (axdy + bacy — by + daray)k,

Therefore,
1 . .
5 (pq — qp) = (c1dy — c2dy)i + (d1by — daby) j + (bica — c1by)k,

whence

pq —4qp

X =
pxq )

(a) We obtain
pg=0+j—-k(A—-i+j+k)=1+3i+j+k,
gp=0—-i+j+ki+j—-k)y=1—i+j -3k,
1 .
5 (g —aqp) = 2i + 2k:

b)—i —k, (©)i—j+k.
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45. (a) We get
po=1 q0o=2,
p=(-111), q=(-1,0,-1),
P-4 =pgo+pq =2+ (—1,1,1)(—1,0,—-1) =2,
(P.q) = pod —qoP—P x4
=(-1,0,-1)—-2(-1,1,1) = (-1,1,1) x (—1,0,—1)
=(2,0,—4) = 2i — 4k,
pxqg=pxq=(-1,1,1) x (-1,0,-1) = (—-1,-2, 1),
pxq=—i=2j+k,
p-q—(p.q9) +pxq=2-2i+4k—i—2j+k=2-3i —2j + 5k;

®2+i+6j—5k; (c)6—i—2j+k.
46. (a) We have

2p—r=2i+2j—(i+j+k =i+j—k
prq=i+j+1—-i—-k=1+4+j—k,
Sc(p+qg) =1, Vec(p+4q)=1(01-1),
ro=0 r=(,11),
r-(p+q)=reSc(p+q)+rVec(p+¢g)=(1,1,1)(0,1,—1) =0,
qg+r=1+}],
plg+r)=>G0+ )0+ j)=—-14+i+j+k,
2p—r—r-(p+q)—plg+r)=i+j—k—(-14+i+j+k)y=1-2k;

®1+2i+2j+2k; (©1+1i; (d)—2+3i—2k.
47. (a) We have

Ipl=VO+1+1+1=2V3

ey = L =i jyn =
lpl 6

33
+%_i—£j+

SES
=

(b) 2 — i 4 By ()2 — L),

b}
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48. (a) After a straightforward calculation we get

pqg =@+ )1 —k)=2/

Ir| = V3,
sgn(r) = I _

I

pqg—p+29g—3sgn(r) =2—(1+ \/g)i +(1—\/§)j -2+ \/g)k;
®) B+VDi—j; (©)—2i—2j—3v2k; (d)—2—L 2B L,

(€) =2 — (1 +§)i —(3+ “75)/ “2k; () =3i + (V2—3)j —3k.
49. The following calculation solves our exercise:

Ipl = Va2 + b2+ 2 +d2,

a b
sgn = + I
gu(p) Va2 +b2+c2+d?> a4+ b2+ 2+ d?
c d

+ i+
Jetb it ViR terd
50. (a) We have
6
po=1, |pl= NG arg(p) = arccos \/?—;

(b) arccos(—%); (c) arccos Jlg

51. (a) We compute

3
lgl = 3. qo=1, arg(q) = arccos %’
p—r =2, q=(—1,0,—1), ro =0, I':(O,l,l),
lq.7] = qoro — qr + gor +roq = 1+ (0,1, 1),

g.rl=14+j +k,
3
arg(q)(p —r) —[q,r] = 2arccos \/T_ —1—j—k;

=3 —i+Lj+(~4+L)ks ©3-%+(2+5)i+(4-2) ) +ok.
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52. (a) An easy computation yields

1
lpl =2, po=1, arg(p)= arccosz = z

3
F@mxmzﬁﬁzeigg)
Consequently,
p=2|:COS%+(?l+\/7§j+\/7§k)s1n—i|,
(b) ﬂ(cos 7+ (“/751 —l—%j) sin %), (©) \/z(cos 7+ (‘/Til + “/TEk) sin %),
() ﬁ(cos 7+ (%j —l—%k) sin %) (e) \/f(cos %+(“/T§i—“/7§j) sin %)
) «/i(cos 7+ (‘/TE j —“/TEk) sin %), () ﬁ(cos 7+ (72 '—“/Tik) sin %)

J
53. @p=1+il+1j+ilj; ®)p =2+i(—§)+(—4)j Y5/, (©p=
T+i(=2)+3j +i(-4)).
54. (a) We have
p=1j+ilj,
g=14i(=1)+i(=1)j,
pag = +ilj)(1 +i(=1) +i(=1)j) = 1 +i(=1) +i2);
b3 +i(=3)+(-3)i +i(-%) s ©-1+i©) +(=5)j +i5].

55. (@) 1+i24+4j +i3j; B)14+il+1j+ilj; (@ 1+i2+4j +ilj.
56. (a) Itis clear that

3 1 1 3
.. (o2 itk i1t ik
ipj z(+21 2]+)] +21 2]+ s

p+ipj =3+2i—-2j + 3k,
p—ipj=1+i+j—k,
1 1

3+' '+3k 1+1'+ i k
= — 1 — — s = - — 1 — ——’
P+ J p 272 2] )

©p+=—5—i+]j—3k

<
N
hS]
+
I
W
>+
|
~.
_|_
)
=
T
|
|
(S]]
_|_
(S]]
3\\‘
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57. We have
ipj =d —ci —bj + ak,
ptipj=a+d+(b—c)i—(b-c)j+(a+dk,
p—ipj=a—-d+b+c)i+(b+c)j—(a—d)k,
_a+d+b—c, b—c,+a+dk
P+ = ) 5 l 3 J 5 ,
_a—d+b+ci+b+c. a—dk
Pm= 2 2y T
58. We have

1+k k+d+dk+ib—c)—jb—
(@a+d+ib—c)) er _atak+at +2’( )—jb-o

a+d b—c. b—c . a+dk

— i—

2 2 > /T

=D+

where in the last equality we used the previous exercise. Also,

(a—d—i—i(b—i—c))l;k _a—d—(a-dk+ib+c)+jb+o)

2
_a—d+b+ci+b+c ._a—dk
- 2 2 /T
=p_.
59. We have
1+k d i(c—b d)k—i(c—>b
er (aJra’Jrj(C—b)):aJr + e )+2(“+) i(c—b)
a+d+b—c, b—c ,+a+dk
= l_
2 2 2 1T
= D+,
1—k —d)+ jb+c)—ka—d)+i(b
R L

= p__
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60.

62.
64.

66.

68.

70.

Solutions

Let p = a + bi +¢j + dk (a,b,c,d € R). Then

a’>+b>+c?+d?*+2ad —2bc
2 bl

lp+|* =

i |2_a2+b2+62+d2—2ad+2bc
P = 5 :

Consequently
PP+ 1p-IP = @ +0* + 2 +d* = |p|*.

@0m; M1—i—j—k; (©4 (Dj+k (e)2—2k.
Note that

pqp + P(IP

> (q+q)p—0

Sc(pqp) =
The following computation leads to the solution:
lgpgl = lqlIpllq| = Ipl|q] = Ipl.
Indeed,
q (ap +4q)q = qapq + 999 = aqpq + qqq.
(a) — l+ fj ﬁk; ®i; ©j: ks (e) 101(—-

® 2(‘71*9 =)

Chapter 2

1. (a) =3; (b)—7; (c)343.
2. VT V15 (©7.
3. 2+21+2]—2k

4. p=7

5. (b)R(n 0)

2j

7

183

-5

(1 —cosO)niny + sinfnz (1 — cos 0)n§ +cos® (1 —cosB)nynz —sinbn,

( (1 —cos@)n? +cosf (1 —cos@)niny —sinbnz (1 —cosf)nin; + sin 0n2)

(1 —cosO)ninz + sinfn; (1 —cosB)nynz —sinfn, (1 —cos 0)n§ + cos 6
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()
0 —n3 njp
N = ny 0 —ni|);
—Ny Ny 0
(d)

2
s ny— 1 nin, nins
N = niny l’l%—l nyns =nn—I;
nin3  Nony n% -1

(e) Hint. Use the definition of the matrix N and (c);
(f) Hint. Use (b), (c), (d), (e);
(g) Hint. Use the definition of R(n, -);
(h) From (f) we get
R(n,e) =1 + €N + O(é?).

Then

R(n,0) = <I+ 2N+ O(kz))k — ™ as k — oo:

62 63 64 65
=1+6N+ —N? N3 —N*+ =N+
HON+ SN+ N+ N+ o
1+9N+9N2 93N+94N2+95N

- 2 3! 5!

=1 4sinON + (1 —cos§)N?
=1 +sinfN + (1 —cos@)(nn — I).

7. Note that

g = cos — — sin —u,
1 SR

qvq = (cos g + sin gu)v(cos % — sin gu)

0 0 0 0
_ 2 e . e e _ S 2 e . _ .
= cos 2V + sin 5 cos 7 (uv — vu) —sin 5 (v(u u) — 2u(u V)),
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from this, the previous exercise and the fact that [u| = 1 we obtain

0 0 0
qvq = (cos2 3~ sin’ E)V + sin @(u X v) + 2sin® zu(u -V)

=cosOv +sinf(uxv) + (1 —cosf)u(u-v).

The last equality yields v/ = gvg.

8. @j; ks (©i; Wj+k @i+j; BOit+k (@i+j+k;
() —i+j—k; ()i+2j—3k; ()—1—di+j+k (& citaj+bk;
(l)ao+ci+aj+bk

9. @i+ + (- L)k ® (1) + 1+ (-1 + Pk

©(L-1)i+(3+B)j+i @(E+P)i+ii-tk @1+

+
1)
+ 4

2
+ j(ﬂ —_ “f + 2
10. (a) 12— 70i +24j —2
11. We have:
(@) (a1dx —axdy — bicy + bacr)i + (a1hy — azby — c1dy + 2d1) j
+ (aicy — asey — bydy + bidy)k;
(b) araz — b1by — cicy — didy + (a1dy + axd))i
+ (a1by + azby)j + (ayca + azeyk;
(©) (bica — bzcl)l + (c1dy — c2dy1) ] + (bady — D1da)k;
( ) di i+ by cl

Va 2+b2 2+42 Jal+bi+d+d} Jal+bi+ci+d} /I Ja2+b2+cf+d2k’
(e) al-gdl + al-;dll + blzclj blgclk;
() al;dl _ al;dll' + bl-;Clj + bl‘;Clk‘

12. —2—-2i +3j.

13. (a) 1 —2i +2j 4+ 3k; (b)cosh(1l) + tanh(1)i + sinh(1);.

15. The multiplication of unit quaternions corresponds to the composition of three-
dimensional rotations. Therefore this property can be made intuitive by showing
that three-dimensional rotations do not commutate in general.

16. The matrix is given by

a~/2 a b 2 c
K )+k(_T_Z_§+T+Z)'
k; (b) —147 + 91i — 9j + 29%.

QN NI

95+ 497 — 45 — a3 2(—qoq3 + q192)  2(qoq2 + 4143)
R(@) = | 2(qoq3 +9291) 45 —4; + 45— 45 2(=qoq1 + 4243)
2(=qoq2 + q3q1)  2(qoq1 + 9293) 45— 47 — 45 + 43
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17.

18.

11 Solutions

Let us consider the 4D space with a basis (1,1, j, k). Then two vectors p; =
ap + byi +c1j +dik, P2 = az + byi +cj +dyrk,a;,bi,ci,di e R(i =1,2)
are called perpendicular if p; - p» = 0. Let the given triangle be AABC and
ZACB = 90°. Let also

—
p1=BC =a+bii +c1j+dk,
—
p2=CA=as+ byi + c2j + dak.
Then
— = -
py=BA=BC +CA=p + p.

Dot squaring we have
p3-p3=(p1+p2)-(p1+p2)=pi-pr+2pi-pr+ p2-po
Since ZBCA = 90°, p; - p» = 0. Therefore,
P3-p3=pi-p1+p2-p2
or | ps]* = |pil* + ;a2 ie,
AB* = BC* + CA*.

Here we will use the notations in the solution of the previous exercise. Let CM,
M € AB is the median to the hypothenuse AB. Then

— 1

ps=CM = E(_Pl + p2).

Squaring dot

1
P4+ ps = —(=p1+ p2) - (—p1 + p2),

4
21 2 2 1 2 2 1 2
|pal® = Z(|P1| —2p1-p2+p2) = Z(|P1| +|p2l?) = Z|P3| ,
i.e.
1
|pal = §|P3|-
Consequently,

1
CM = -AB.
2
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Chapter 3
1. This is not always correct. Take, for instance, p, = (—1)".
4. @) O0m;  (b) 0m;  (¢) Om;
. on+i+j+k . (m+i+j+k)n+i—k)
(d) lim ——— = lim - -
n—oo n—i+k n—oo (n—i+k)n+i—k)
. o+ @2n=1Di+m+2)j—k
= lim 3
n—>00 n* 42
_ n? . 2n—1,
_ngnoonz-kz +n£>noon2+1l
i 1 1 :
+n£>noon2+21 _ni)nloonz—kz
= lm
(e2i; (MHk; (@ lm (h)yoo; (i) oo;
, o l+2nti—j—k o (L+2n%i—j—k) 2 —j —k)
(G) lim S = lim - -
n—oo  n’4j+k n—o0  (n?+j+k)n?—j—k)
lim nt—2 N 2n* - n—1
= I
Dot 42 nty2 " nty2!
—3n2—1
n*+2
= 2i;
&k D lg;  (m)oo.
5. Og.
6. ¢+ & — k.
1 1 - 1. 1
8. (a)—(2) 1Hi
9. 14+i+esk.
10. 1+i+ g7k
11 14 30 +2j + 2k,
2. @ lw ) lm (© lw (@) Z2EEEL (o) SRR
(f) 2—23i+k; (g) 1570+25(;;-1i-76] +275k; (h) 9—1—1é—6k; (1) —8i +65/—k;
U) —2+92i—k.
15, @1+i+j; () 3j+ 3k
16. (@) 1/ + 1k; () —1j —1k; (©)0m; (d) no solutions; (e) —1 — 1k;

Mi+1; @3+ 3k
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Chapter 4

2. For the necessity condition, assume that ., p, is convergent. Then the
sequence Sy = Z,]Ll pn 1s convergent. From here it follows that the sequences

N N N N
§ dp, § by, § ¢y, and § dy
n=1 n=1 n=1 n=1

converge. Therefore

oo oo oo o0
2 an D bu D en ) dy
n=1 n=1 n=1 n=1
are convergent. Conversely, let
o0 o0 o0 o0
2 an D bu D en ) dy
n=1 n=1 n=1 n=1
be convergent. Then the sequences
N N N N
2 an D bu D en ) dy
n=1 n=1 n=1 n=1
are convergent, and moreover
N
Z(an + bpi +cpj + dyk)
n=1

is convergent. Hence, > o2 | p, is convergent.
2 1, &, I7. S
4. (a)%—l—zl—i-sz—i-Ek, b1 +i—j+k.
(e +p+p+)m
6. We have
(a) Absolutely convergent for o € (%, 1), divergent for o < La>1;

W

7
(b) Absolutely divergent for & > 5, divergent for o < 5;
(c) Absolutely convergent for ¢ < —1, divergent for @ > —1;
(d) Absolutely convergent for for & > 1., divergent for o < 3;
(e) Absolutely divergent for for « < —1, divergent for @ > —1;
(f) Absolutely convergent for o + f > 3, divergent for & 4+ 8 < 3.

7. (a)yes; (b)yes; (c)yes; (d)no; (e)no; (f)no.

8. (a) convergent; (b) convergent; (c) divergent; (d) convergent; (e) con-
vergent; (f) divergent; (g) convergent; (h) divergent; (i) convergent for
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o > 5 and divergent for 0 < o < %; (j) convergent; (k) convergent for

p > % and divergent for 0 < p <

(n) divergent; (o) divergent.

1

Chapter 5

1. (a) We have

p():l, p:_i+j:(_15170)7

Dl = V3 sgnp) = —ES Y2 V2,

a2t
L 2 2
e 7t = ecos V2 — e\/T— sin v/2i + e%— sin «/Ej.
Further, we obtain
2 2
(b) e cos V2 + 82\/7_ sin /2 — e2§ sin \/Ej;
2 2

(c) cos V2 + \/7_ sin v/2i — \/7— sin v2k:

(d) cosl +isinl; (e) cosl+sinlj; (f) cosl + sin lk.
2. (1) For the solutions the following relations are important:

e =cos(1) —isin(l), e/ =cos(l)+ jsin(1),

_iL+k _ cos(l) —sin(l)i + sin(1)j + cos(1)k

2 2

1+ kej _cos(1) —sin(1)i + j sin(1) + cos(1)k

2 2

(2)-(40) Hint. Use the solution of (1).
6. (a) First, direct computations show that

pg=0+i+ )i +k)=—-1+2i—j, T=—j—k, q=0,
q=j+k lal=v2 sen(q) =2j+ Lk,
e’ —cos\/_+ sm\/_]+ 2 sin +/2k,

[p.q] = Pogo —Pq + poq + qop = —1 +i + k.

3 (1) divergent; (m) convergent;
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Then
2
pg —T7 + el +[p.q] :—2+cos«/§+3i+\/7_sin\/§j

+ (2 + g cos \/E)k

(b) 2+Cosﬁ+2i+(—l+%§sinﬁ)j +(3+%§sinﬁ)k;

(c) (1 + % + ecos \/E) + (% - gesin 2)1’

—i—(l—i—%—\/?iecosﬁ)j—k

7. (a) We have
lpl=2. p=0.L.)=i+j+k |p/=+3
sgn(p) = i + {] + fk
arg(p) = arccos% =%, In(p)=mn2+ @i + @j + @k,

For the remaining cases the results are

® 2 © )
(d)k— (e) Inv2 ’“f ”;/—
V2. nx/_ 71\/_ T2

(f)1f+— +—k (@ Inv2+—= +—k

8. (a) Itis easy to prove that

Ly Ly,

lpl=2, p=(1L-11)=—i—j+k sg(p)=— 3

i s 4 ek

1 bid

arg(p) = arccos; = 3, In(p) =In2—

Then the first matrix representation is

In2— fr; L _ S
oL _ fn 1n2+fn
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The second matrix representation of In(p) is

VG S - ;-

( Inv2—Zi 0
<) 0 Wmv2+4zi)

9 9
ﬁn ﬁn 3
A mfz 5
3n 3n 3n
=% T~ In2
The solutions for the other problems are
n4 Lx o _z
(b)< In4 @+%i> L R )
3 - ’ T V3 ’
0 - ng
mv2 0 2 0
0 mv2 0 -Z
0
0 Z 0 Inv2

9. (a) We present the calculations step by step:

V3. V3.3
Sgn(P)=—Tl+T ——k po=1|p|=2,

1 = V3. V3. w3
arg(p):arccoszz_, In(p) = — 5 i+ 5 j— :

qo =0, arg(q) = arccos0 =

’

T b4
X ro =0, arg(r)=arccosO0 = —

sgn(r) = %z + ik In(r) =Inv2 n\/zi + # ,
arg(q) In(r) = ln f zg\/zk, q=1+j=(1,1,0),

and

[P.q] = Pogo — PA + poq + qop = (1,1,0),

[p.gl=i+j. p-r=poro+pr=-2.

k +1n2,

191
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—_

Then

In(p) + arg(q) In(r) + [p,q] —p-r

= (—2+ln2+glnﬁ)+(1_”_‘/§+”2‘/§)i

9 8
73, 722 w3
(15 (e
The remaining exercises have the following solutions:
nV2 w2y
(®) WmV2+ l+(T)1+2k,
© 1n2—1nﬁ+2+(—”—3—”—2+2)i
9 4
b VAT SV T3
) L o e

14. (a) One gets
(1 4 i) = (1402 — 2V _ n2His _ o

(b) —8 +8i +8j —8k; (c)—2°—2% —2°j —2%.
15. (a) Itis easy to verify that

pl=itj+k _ n2(1=i+j+k)

— eln 2—In2i+In2j+In2k

= 2(003(\/§ln 2) — ? sin(v/31n2)i + ? sin(+v/31n2)
+\/T§ sin(+/31n Z)k).

In an analogous way one computes

(b) 3cos(In3) — 3sin(In 3)i;
(c) cos(\/gln 4) + \/Tg sin(\/gln 4)i + ? sin(\/gln 4)j

+\/T§ sin(v/31In4)k;

1

Solutions
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2 2
(d) ecos1 + esin 1i; (e)ecosﬁ+e§sin«/§i+e\/7—sin\/§j;

3 3 3
(f) e cos V3+ %_e sin +/3i + %_e sin «/gj + \/T_e sin v/3k.
16. (a) It is clear that
il =M =7 = Tk =k,

Furthermore we have

b —Jj: (©i;
= 4 2
(d) cos\/—+1n2«/_+ u f(”fz—”fj +ln«/§k);
e
[72 2V2
(e) cos —+ln 211\/*_/—(_714\/_1_’_111[ +ﬂf);
”T In~ /2

4

(f) cos‘/—+ln 4+ln2ﬁ<lnfz+i— _ik)

17. Step by step we obtain
jf=i, jfAQ+i—-jH=—14+i—k, 2—i-3j +k=2+i+3j—k,
= Sc(i + j)Sc(i — j) — Vec(i + j)Vec(i — j) + Sc(i + j)Vec(i — j)
+Sc(i — j)Vec(i + j) = 0.

Then the given quaternion can be reduced to 1 + 2i + 3;j — 2k. Its first matrix
representation is
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18. Step by step we obtain

k. loick _(-i—k(j—k) _ —1-i-2j

J =1, . - . . - ’
Jtk (J +h)(=j—k) 2
1—i—k 1 1 1 1
-k . . . .
—=il———=i—j)==-— =i — k.
J J+k l( 2 2l J) 2 2l
19. Let
by arccos ——4L—
2 2 2 2
Al = In \/a% —|—b12+C12 —|—d12, Bl = ’\/(11+b1+61+d1 5
Vbt +d}
o d o
o 1 arccos N D | arccos N

Ay = A1az — Biby — Cica — Didy, By = A1by + Biay + Cidy — Dica,
Cy = Ajcy — Bidr 4+ Craz + Dby, Dy = Aydy + Bicy — Ci1by + Dias.
Then we have
In(p) = A1 + Bii + Cij + Dik,

In(p)g = (A1 + Bii + C1j + Dk)(az + bai 4+ c2j + dark)
= Ay 4+ Byi + C3j + Dk,

and so

p? = (P

— oV ABIHCIHD

Byi + Cyj + Dk
X cos‘/Bzz+C22+D%+ 2+ Ca) sin,/Bzz+C22+D§
B3+ C}+ D3

20. We have

il =k i*=—j k=i ji=—k kK =j Kk =-i,
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Chapter 6
1. (a) We have
Sc(i) =0, Vec(i) =(1,0,0)=1i, |Vec(i)]=1, sin(i) = sinh(1)i.
The other numerical results are: (b) sinh(1)j; (c) sinh(1)k; (d) cosh(1);
(e) cosh(1); (f) cosh(1); (g)tanh(1)i; (h)tanh(1)j; (i) tanh(1)k.
2. (a)Set p =1+1i— j + k. Then we get

po=1, p=(,-1L,)=i—j+k |p=+3

sin(1 +i — j + k) = sin(1) cosh(+/3) + ? cos(1) sinh(v/3)i

— cos(l)? sinh(+v/3)j + \/Tg cos(1) sinh(+/3)k.

The other cases follow: (b) cos(1)cosh(1) + sin(1)sinh(1)k;  (c) sin(1)
cosh(1) — cos(1)sinh(1)j;  (d) sin(1) cosh(v/2) + “/Ticos(l) sinh(v/2)i —

% cos(1) sinh(v/2) .
3. (a) We have

sin(i) = sinh(1)i, cos(i) = cosh(l), tan(i) = tanh(1)i,

cos(i 4+ j) = cosh(v/2), sin(k) = (sinh 1)k,

tan(i) + cos(i 4+ j) + sin(k) = cosh(~/2) + tanh(1)i + sinh(1)k;
(b) cos(v/2) + & (sinh(2) +42 sinh(ﬁ)) + Lsinh(v2) .

4. Let p = a + bi + ¢j + dk be a solution to the given equation. (a) Using the
previous exercise we obtain the following system for a, b, ¢, d:

: PRI 3
sina cosh vb2 + 2 +d? =0, beosasinh vb? +c* +d =1,
Vb2 +cr+d?

¢ cosa sinh b2+cz+d2_0 d cosasinh v/b2 + c2 + d?

=0.
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Therefore,

sina =0, bcosasinh b2+ c2+d?= b2+ 2+ d2,
ccosasinh Vb2 +c2+d? =0,
d cosasinh b2 4+ c2 +d?2 = 0.

It follows that

b(~1) sinh Vb2 + 2 + d? = Vb2 + 2 + d2,

csinhvb2+c¢24+d?=0, dsinhvb?2+c2+d?=0.
Firstly, let ~/b2+c2+d? = 0,then b = ¢ = d = 0, which is a

contradiction, since sin(/lxr) = 0 # i. Consequently, /b2 + 2+ d? # 0.
b2+ %+ d? # 0, then ¢ = d = 0. Finally we have the system

a=1In, b(=1)'sinh|b|=1b|, ¢c=d =0,
which yields
p=Ilr+In(~2+ (D)i, [eZ

The further results, with [ € Z, are: (b) p = I + In(+/2 + (=1)}) /;
©p=Ir+In(v2+ (ki (@ p =@+ +In(2+ (-1)))i;
©p=Q+DF+In(V2+(=D)j; (O p = QI+D5+In(v2+(=1D))k;
(g)—(1) no solutions.

. This result is not true in general. For instance, the equality is not valid for

p=+3+i.

Since p is a pure quaternion, we have that

sin(p) = sgn(p) sinh(|p[). ~ cos(p) = cosh(|p|).
Using that
sgn’(p) = —|p|*> = 1.
we obtain that

sin? p 4+ cos® p = 1y, cos® p — sin® p = sinh(2|p|).
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After we add (a) and (b) we obtain (c). From (a) we subtract (b), and we
obtain (d).

(a) no solutions;  (b) no solutions; (c) every pure quaternion p for which it
holds |p| = #; (d)-(j) No solutions.

10. (a), (b), (d)—(j) no solutions;  (c) every pure quaternion p for which it holds
Ipl = 2.
11. (a), (b), (d)—() no solutions;  (c) Every pure quaternion p for which |p| = 1.
Chapter?7
1. (a) Clearly we have
Sc(i) =0, Vec(i) =i, |Vec(i)|=1, sinh(i)= sin(1)i.
For the remaining suproblems we get
(b) sin(1)j; (c) sin(Dk; (d) cos(1); (e) cos(l);
(f) cos(1); () tanh(1)i;  (h) tanh(1);:
. L V3 .
(i) tanh(1)k; (j) sinh(1)cos V3+ 5 s1n(\/§) cosh(1)i —
3 3
—% sin(+/3) cosh(1)j — g sin(+/3) cosh(1)k;
3
(k) cosh(1) cos(v/3) + \/T— sinh(1) sin(+/3)i —
3 3
—\/T— sinh(1) sin(+/3)j — g sinh(1) sin(+v/3)k.
2. (a) % sin+/3;  (b) cos /3.
3. (a) sinh(1) cos(+/3) + W(i + j +k); (b)cosh(l) cos(+/3) +
+ SRROB 4 j 4 k).
4. (a)Let p = a + bi 4+ c¢j + dk. Using the previous exercise we obtain for a, b,

¢, d the system

b cosh in vb2 + 2 + d?
sinh(a) cos Vb2 + ¢+ d? =0, cosh(a) sin to =1,
Vb2 4 c? +d?

c cosh(a) sinvb? +c2 +d? 0 d cosh(a) sin /b2 +c2 +d?
N e | N e

0.
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First setb = ¢ = d = 0. Then sinh(a) = 0 i.e., @ = 0. This is a contradiction,
since sinh(0) # i. Now let ¢ = d = 0. For a and b we get the system

sinh(a) cos |b| =0, bcosh(a)sin|b| = |b|.

Therefore,

a=0, b:(4l+1)%, e

Consequently, p = (4] + 1)Zi, ] € Z. The solutions for the equations (b)—(f)
are given by

b) @l +DZi, jeZ, (c)@l+1DZi, keZ,
@) In(V2+ (=D) + @l + DZi, In(v2+ (=D'*F) — 21 + D Zi,
(© (V2 + (=1)) + @1 + DZ /. In(v/2+ (—1)*+) — 2 + D},

® In(v2+ (=) + @2+ DZk, In(V2+ (1)) — @] + 1) Zk.

5. The solutions are given by

(@ p=Inv2+3+ ‘/Tgarccosﬁ(i +j+k);

0 p=a=23018G _j k) [eZ sinh(a)=(-1)L.

6. (a) We find step by step

pg=04+i—j—k)(1+i)=2i-2j, po=1,
p=i—j—k=0,-1,-1), qg=1, q=i=(1,0,0),
(P.9) = pd—qp—pxq=1i+}]

sinh(k) =sin(1)k, 7=—k, 7q=—-k(l1+i)=—k—],

q-r =qoro+qr =0.

Therefore,

pq—(p,q) +sinh(r)—Fqg+q-r =i —2j + k(1 +sin(1)).

For the second problem we have: (b) 1 + 5 +In V2 + 27”1' + ksin(1).
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7. (a) cos(l sin(l)) -7 sin(% sin(l))' (b) cos(% sin(l)) +k sin(l sin(l));
(©) cos(— sm(l)) k sin(% sin(l)); (d) cos(% sm(l)) +i sm(— sm(l))
(e) cos(i sm(l)) +7J sm(% sm(l)); ® cos(1 sm(l)) —i sm(— sm(l))

9. Since lim,_q, -+ = ly and sinh(p) = |, we conclude that

2
sin | p

- \pl
pl_i)rgﬂ sinh(p) = Og.

10. We have that cosh(p) = cos | p|, so lim, ¢, cosh(p) = 1g.

11. Since sinh?(p) = —sin? | p|, cosh?(p) = cos?|p|, it follows that

cosh? p —sinh? p = cos? | p| + sin? | p| = 1g.

Chapter 8

1. (a) From the definition we can easily find the relations

arcsinh(l +i) = ln(l +i+41+ 2,-)’ V1 F 20 = e2n(1+20),

5 541 5-1
ln(1+2i)=ln\/§+iarccos\/?_, «/1+2i=\/\/_2+ +i fz ,

and therefore

541 5—-1
arcsinh(l +i) = In 2+«/§+2\/\/_2+ +2\/f2

1+ f+1

-+ i arccos

24 542y B 0 /oL

The results for the problems (b)—(j) are: (b) Zi;  (c) 5j; (d) Tk;
© 1n(1 n ﬁ) +Iis () 1n(1 n ﬁ) +Ij (@ 1n(1 n ﬁ) +z
) Fi; @5/ O Tk
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p « 2 fid p « 2 s p « 2 s
In /3 arccos $+7 . lnﬁ arccos %-}—5 . ln arccos %-}—7 .
2. () =+ ——=—i; (b) +—="—J © 5+ ——="—k

arccos —2 arccos +Z
(d) %ln\/g—i-T(H-j—i-k) (e)%ln\/g ‘[ —— 2 (—i—j+k);
(0 i1+ Z—Jfg(—i —j—k.

3. (a) We know that In(i) = i 5 and sinh(i) = i sin(1). Further, we have

V2 V3. V2 V3.

Inl—i—j)=1In V3— —arccost — TaICCOST]’

1 7 i+j+k 2 T
arctanh(l —i — j ) 2n 3 Wi (arccosﬁ—i-z)

which leads to

In(i) + In(1 —i — j) + sinh(i) + arctanh(1 —i — j — k)

1 7 V) V3o 2 T
=3+ -Iny/- +i(Zz - = A = _
n —|—2 n 3+l<2 2 arccos 3 2\/garccos\/7 4f)

. 2 3 1 2 g
+J (—— arccos —— — ———= arccos —= — —)

2 3243 VI 43

+ k(—L arccos i — L)
23 V143l

For the other problems we have

(b) Inv5+ (arccosi + %)l + (ﬁ—z + sin® 1)k;

NG 4
2 b4
In /3 arccos = + 5
ERLNENEN S Ty
2 2 2 2
4. (a) We have
arcsin(i) = i arcsinh(ii) = i arcsin(—1) = —El.

The remaining problems addupto (b) =% j;  (¢c) —Fk; (d)—5+In(1 +/2)i;
% +In(1++2)j; (®-%+In(l+2)k.
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Chapter 9

1.

J —k\ . J kY.
(a)(—l—i-j—%ki)’ (b)(—l—i-j—i—%k—i)’

“1—i—j+k j —i -1
() j l+i+j+k —i—1];
0 N —i—j 42k j —i
—1+i+j+k —j i —1

(d) —j l—i—j+k i -1
0 it 2%k —j i

2. Itis easy to obtain

1—i—4j 1+i—6k
—j+3k 4-6j )

3. We obtain

j—k i—k 1—k i
@ [2+2i+j-k —1-i 2j . (b) (i+.+2k).
—l4i—j+k—2+4j+k—2+2i—2k J

00 1 —3i
W= .
(01)+(—i1+i)]
00 1 —3i
W‘_(()l)’ Wz_(—il—i—i)’

0 0 1 —=3i
0 I —il+i
-1 =3 0 0
—i—=1+i 0 1

4. (a) We have

Therefore,

whence
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A direct computation shows that

1 i 1 1. 1 2.
5 s ~“3Tg Tgti3l
i 1 1 2. 2 1 -
-1 ® 1 “w®Ts 75!
Wo = 1, 1: 1,1 1 1
3Tl st3t 6!
1 2.2 1 - 1 - 1
w55 Tl 18
Consequently,

and

(b) W~ doesn’t exist;

QW= (

5. (@ (1 0)7; (b)no solutions.
Use the results in [54].

o

Solutions

7. Let A ~ B. Then one can find a matrix S such that S~! exists and S™'AS =
B. Furthermore, let A, be a (right) characteristic root of A. Then there exists a

nonzero vector X such that AX = XA.Lety = S7!X. Then
STIASY = S7'ASST'X = S7'AX = ST XA =Y.
8. (@Lletx =a+bi+cj+dk,a,b,c,d € R. Then

I+ix=a-b+(@+b)i+(c—d)j+ (c+d)k,
xj =—c—di+aj + bk.

Thus, we obtain the following system for a, b, ¢, d:

la—b=-c, a+b=-d, c—d=a, c+d=»h
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It follows thata = b = ¢ = d = 0. Consequently, x = 0. The remaining
resultsare: (b)) x =0; (c)x =a+ (a+d)j +dk,a,d e R.

9. Let x € H\{0} be a solution to the equation ax = xb. We multiply this

equation by x~! from the left and obtain b = x~'ax. Since x € H\{0}, we
have a ~ b. Hence,

ap = by, |a| = |b|.

Now let ag = by and |a| = |b|. Then |a| = |b|, and so a ~ b. Therefore there
exists x € H\{0}, such that ax = xb.

10. (a) no solution; (b) no solution; (c) it has a solution;  (d) no solution;
(e) no solution;  (f) no solution.
11. The following relations prove the result:

ahyy = hyay = hyyb, ahyyhy = hyybhy, = hyyhyb.

Chapter 10

1. (a)3iqjq(i + j)q —2iqj; (b)2iqjq(i — j)qj +qjqi +2iqj.
2. @2; (b3 (c)4
3.

@) (iqj +1+i)? =(qj +1+i)igj +1+1i)
=iqjiqj +iqj +iqji +iqj +1+i+iiqj +i+i>
= —iqgkqj +2iqj —iqk —qj + 2i;
(b) — (1 +i)g(1 = g’k — (L +i)g(1 — j)giqjqj — (1 +i)g(1— j)gq
+igkgk +iqjqjqj + iqk;
(c)iqjgkqj +iqjq’k +iqjqk + kq*j —kqkgk + kq.
4. (a) We have
flq) = —igkqkqjqi —iqkqkqi —igkq*k — jqjqjqi — jqjqi + jqiqk.
Then
fG)=1—k;

(b)y1+4j.
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5. (a) False; (b) True;

(c) True; (d) False.
6. Letx = %c b~!. Then

acb‘l N ch™ b _
2 2

+

C.

NS NI
NS NI

7. (@) Letx = a + bi + ¢j + dk,wherea,b,c,d € R. Then
xXj =—c—di +aj + bk,

x+xj=a—c+Ob-d)i+@+c)j+ (b+d)k.
This yields the following system for a, b, ¢, d:

a—c=0,
b—d =0,
a+c=0,
b+d=1

Consequently,

1 1
a=0, b=—-, ¢=0, d=-
2

Therefore, x

%i + %k is a solution to the considered equation. (b) x
242i—Lj+2k; (o)x=13j—1k; (d)nosolutions; (e)no solutions.
8. (a@)Letx =a+bi +cj +dk,wherea,b,c,d € R. Then

ix ==b+ai—dj + ck,
ixj =d —ci—bj+ ak,
xk = —d + ci —bj + ak,

ix+ixj +xk =—-b+ai + (—d —2b)j + (c + 2a)k.

For a, b, ¢, d we obtain the system

-b=1,
a=1,

—d —2b=-1,
c+2a=1.



11
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Therefore,

and so
x=1—i—j+43k.

b x=a+bi+aj+bk, a+b=1 @©@x=1-i—.

. (a) We multiply the second equation from the right by k and obtain

ix+yj=14+i+],
—x—yj=1—-i+j+k.

This yields
—1+i)x=24+2j +k,
2x = (=140 —i+j +k),
1 3
=—-1—-i—=j— =k
by i=5i=3
From the first equation of the considered system we obtain
yvi=1+i+4+j—ix,
1 1
 =2i ——j + <k.
Y P=35/ 75
Now we multiply the last equation from the right by j and obtain

11
= 4 ik
y=-5715

Consequently

Also, for (b) we get

205
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10.

11.

—_

1

(a) We multiply the first equation from the right by i and obtain

y=Q+j)x+1—-i+],
kx +iyj +yk=1+j +k,

whence
(i +2k)x + (1 + j)xk ==2i —k.
Now we look for a solution to the last equation in the form
x=a+bi+cj+dk, a,b,c,deR.
Therefore,
—3d + 2a —c¢)i +(=2d + b)j + (3a —c)k = —2i — k.

For a, b, ¢, d we have the system

—-3d =0,
2a —c = =2,
-2d+b=0,
3a —c = —1.
This yields
a=1, b=0, c=4, d=0,
and so

Also, for (b) we have

x=1—j —k,
y=1—k.

We multiply the second equation from the right by j and obtain

i=1+4i—j—k+1—i)xj

Solutions
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13.
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Now we multiply the first equation from the right by j and obtain
y=0+i)x(j+k)+1+k.
From here and from the third equation we have
xi —ixi +xj +xk —ixk =—1+ 3i.
Letx =a+bi+c¢j +dk,a,b,c,d € RR. Then

—b—d+a+@+b+c)i+d—-b+2a)j+(a+2b—c—d)k
=—-1+3i.

For a, b, ¢ and d we obtain the system

-b—d+a=-1,
a+b+c=3,
d—b+2a=0,
a+2b—c—d=0.

Therefore

and

2,13, 4255
x =35+l + 5+ gk
_ 25 5: 13: , 4
y=—2-2i—-2j+ 3k,
— 34 17,4 3 _ 5
1= =5+ Fi+ 5 — uk

@ (p+29)(p—¢q); ® Cp+a9(p+q; ©qlp+q9p-—29);
@ (p=39)(p=29)p; ©P-P+9* O@-(P+9Q2p—q);
(8 Cp =39)p+)(p —(p +29); () (p+q2p—q)p+3q)
() p*(qp*q + p*apPq: () p(q + pap?)p.
We have

fla) =af + (1 +i+j —k)ar + p = Oy,

flo) = +(1+i+j—kay+ u=0g,
whence

al +ai+ (1+i+j—k)(a +a) +2u = O (11.2)
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14.

15.
16.
17.
19.
20.

11

Also,

Solutions

flar+a)=( +a)+0+i+j—k)(a+aw)+pu=1—i—j—k,

which implies,
o +a5+ (1+i+j—k)a+ay) +p=—2i —2k,

From here and (11.3) we get u = 2i + 2k.
Since o,y € H are roots of the polynomial f, we have

()612+l(¥1+/t=0]}]1,
of + Ay + = Oy,

whence
af —oz% + Ao — o) = Oy

From oy = apo it follows that

af —a3 = (a1 + a2)(a) — ).
Using (11.3) and above equality we obtain

(a1 + o2 + 1) (a1 —a2) = O,
which implies (since o] # o) that

A=—1+i+j+k.
Therefore
f(p) =P+ (1+i+j+k)p+p.

From f(a; ﬂ—s(l){cz) =j+kwegetu=j+k.

A = 1=6i—4j—

26 :
q(p)=ipj + p*(0+i+j+k)—p.

f(p) =ipjpk —p>—ip—kp+1+i+j+k.
o =—2i + 2k.

a=i—k.

(11.3)
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